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Theorem : Population monotonicity is incompatible with quota criterion.
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NON-UNIFORMITY OF QUOTA CONSTRAINT

State A -
= 1 . 5 10 . 5 = 33 % fluctuation

State B %= 41 .5 10 . 5 = 1 . 2% fluctuation
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FREQUENCY OF QUOTA VIOLATIONS

Monte Carlo Experiment :

* 50 states
,
435 seats

* Fix a divisor D and a seat assignment (S-- - S50).

(as per the 1970 apportionment)
* Conside a uniform distribution over all population vectors

p , . . ...so that generate (S--550).
pi generated uniformly at random between max 20 . 5 , ds; 3 andsite.
I w

S .t . [Pi = population in 1970.
avoid wastage of seats
on small states

* Evaluate the probability of quota violation
.
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FREQUENCY OF QUOTA VIOLATIONS

Adams Dean H-H Webster Jefferson

Expected number

of violations per 1000 15 . 40 2. 86 0 . 61 1000

1000 samples

= I in every 1600 apportionments

= Once every 16
,
000 years
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BALINSKI-YOUNG QUOTA METHOD

Recall the table definition of divisor methods.

* Write the entries Pi/k for each state : and each ke41 ....h]

(priority Score

* Select the h largest entries sequentially ,
but skip them if selecting an entry violates upper quota.
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BALINSKI-YOUNG QUOTA METHOD

House size h = 10 Jefferson example from Lecture 2

State Population Pip pily Pil pilz pila pils Pila bild

A 15 -
- - 3.7557 .515

B 14 - - - -
- 4 .66 7 14

C 13 -
- -

- - 4 .33 6 . 5 13

D 50-6 725 Exxo 967 11 .6 14 .5 19 .3 29 58

100 Balinski . Young Quota Method satisfies quota
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* Upper quota : By construction

* House monotonicity : 4 Dd no state loses a seat

* Lower quota :
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QUIZ

Prove that the Balinski-Young Quota Method

satisfies lowe quota.



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : Suppose lower quota is violated for some state ,

say stated , on the problem instance (hip...... Pn).

Define the Set E of "excess" state as

E : = SiEN : Six pil 3
↑

Note that E = P .



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : Consider the timeline of the assignment ofh seats :

---

I 2 h - 1 n

For each state I, let i be the time at which

state i received its last (i. e
., st) seat.

Let je E be the last state in E to receive a seat.

That is
, je any maheh



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : Since state I did not meet its lower quota :

< (1) = S+ < 1 -D

Recall that jeE .

So
, sh . -

From D andQ . State I has higher prioritya

=> state I could not have received the hth seat

=> hjh .



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : Let T be the set of state that receive seats during
h + 1, ..., h

--- --

-

I 2 hj hy+ ! h - 1 h

Since hich ,
T+0.

By definition of T , TRE = 0

Thus
, for every jet , Si.-B



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : For any state iCN ,
let s denote the seets received

by i up to and including time t
.

Thus
,
Sh = s:.

For every ieT ,
obsure that Si sho+ 1.

Recall fromB : For every ieT , Si

Therefore , for every it,



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : Recall that jeE Sp> h

and spr = sp
Combining these observations with ,

we get that
for every i - T :

=



Theorem : Balinski-Young Quota Method satisfies lower quota.

Proof : From ⑤ ,
we have that for every it t :

A
Furthermore

, i
Thus

, every state in T (nonempty) had a higher priority
for receiving the hih seat than state j . Contradiction ! A
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GRIMMETT'S METHOD

* Consider a unif . Random permutation of the states (wolog , identity)·

* Provisionally assign (9:) seats to state :
.

Let Mi : = q : - (i).
i.e., the residue

* Draw U-Unifo , 1]. Let Qi : = U + e.
j=1

* For each state i, allocate an extra seat to state : if

[Qi ,Pit) contains an intege.
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GRIMMETT'S METHOD

2/3 213 1/3 1/3

! I 2&

Note : Sum of residues M
,
+ M + -- + M

= No . of leftove sents h - ((91 + (12) + -- + (n)) ·

= an integer !



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

2/3 213 1/3 1/3



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

2/3 213 1/3 1/3

&, ②2 Os 04 Q5



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

2/3 213 1/3 1/3



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

2/3 213 1/3 1/3

2/3 213 1/3 1/3



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

2/3 213 1/3 1/3

2/3 213 1/3 1/3

al Q2 Ry Qu 95



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

2/3 213 1/3 1/3

2/3 213 1/3 1/3



GRIMMETT'S METHOD

2/3 213 1/3 1/3

! I 2&

Pr) gets an extra seat) =?



GRIMMETT'S METHOD

2/3 213 1/3 1/3

! ! 2

Pr) gets an extra seat) =Ph (UE (5 , 1])



GRIMMETT'S METHOD

2/3 213 1/3 1/3

! ! 2

Pr) gets an extra seat) =Ph (UE (5 , 1])

= Length of



GRIMMETT'S METHOD

2/3 213 1/3 1/3

! I 2&

Pr) gets an extra seat) =?



GRIMMETT'S METHOD

2/3 213 1/3 1/3

! ! 2

Pr) gets an extra seat) = 1Ph (0 (0 , ) r (5 · 2)



GRIMMETT'S METHOD

2/3 213 1/3 1/3

! ! 2

Pr) gets an extra seat) = 1Ph (0 (0 , ) r (5 · 2)
= Length of



GRIMMETT'S METHOD

2/3 213 1/3 1/3

Fi
! I 2&

w . p . Is

Resulting probability distribution is w . p . Is

w . p . Is



NEXT LECTURE

Randomized Apportionment (Contel)


