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HOUSE MONOTONICITY

An apportionment method is house monotone if ,

for any two problem instances I = (h : p. , P .

- Pn) and

I = (hH : P , P2-- > Pn) with seat assignments [ (S ,, S2. -- ,Sn)

and I'm (Si , S--- , Sn') , we have

s, Si for every
state i.
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POPULATION MONOTONICITY

An apportionment method is monotone if ,population

for any two problem instances I = Ch + p,...., Pn) and

I = (h' ; pi , -- , ph) with seat assignments [ (S, S2. -- ,Su)

andIm (Si , s --- , su) ,
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POPULATION MONOTONICITY

Theorem : Population monotonicity implies house monotonicity.

Proof : Consider any instances I
= Chi p.. -- - Pn) and I = (hHi p... -- - Pn)

with seat assignments (S--su) and IS--sul , respectively.

Suppose , for contradiction ,
that sp > s for some state j

.

Then
,
there must exist state: such that Si < S,

Population monotonicity implies that pi < ps or bj > by:

However
,
both conditions are FALSE forI and I' D
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Any rounding function can be described via dividing points

di
,
d
, ..., where di is the smallest v [infimum) for

which flu) 7, K.

Dividing points for

fin) = (n) : 1
,
2
,
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DIVISOR METHODS

Fix a rounding function f.

A divisor method based on f is an apportionment method

that , given any instance I
= Ch ; p, P2--Pn) , finds a divisor I

such that

f( ++( +.... + f() = h
.

and assigns S= () seats for every state i.



DIVISOR METHODS

Jefferson's finl = Lay 1
,
2
,
3, . .., K



DIVISOR METHODS

Jefferson's finl = Lay 1
,
2
,
3, . .., K

Adams' flus : int 0
,

1
,
2, --.,

k-1



DIVISOR METHODS

Jefferson's finl = Lay 1
,
2
,
3, . .., K

Webster's flus = [n] t , , , . -- , k-t
arithmetic mean

Adams' flus : int 0
,

1
,
2, --.,

k-1



DIVISOR METHODS

Jefferson's finl = Lay 1
,
2
,
3, . .., K

Webster's flus = [n] t , , , . -- , k-t
arithmetic mean

Huntington- flus :
int if > Stasiat

Hill's I
Las Ow

geometric mean 0
,
J2
,

15
,
-

-.. JK

Adams' flus = juT 0
,

1
,
2

,

---

,
k-1



DIVISOR METHODS

Jefferson's finl = Lay 1
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Webster's flus = [n] t , , , . -- , k-t
arithmetic mean

flus = fin if us,StatusHuntington-
geometric mean 0
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Deen's thu)= Init0.harmonic mean
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,
1
,
2

,

---

,
k-1



DIVISOR METHODS

In the order of the value of the Kh dividing point do :

Adams'2 Deen's C Huntington-Hill's Webster's <Jefferson's

-1 (i) JT-1)· 1 k- 1 K



DIVISOR METHODS

In the order of the value of the Kh dividing point do :

Adams'2 Deen's C Huntington-Hill's Webster's <Jefferson's

-1 (i) JT-1)· 1 k- 1 K

Why ? For anyO2v < y

< HM( , y) =
> GM(y) < Amb ,y1 -Y
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B 25
,
178 9 9 9 9 9

C 19
,
951 7 7 7 p F
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,
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E 9 ,
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Is there a smaller awesome example ?
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d
# Di



PROPERTIES OF DIVISOR METHODS

Every divisor method has an equivalent "Table definition" "

iii
StateA &

State B -

--

&

Statec &
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Therem : Every divisor method satisfies population monotonicity.

Proof idea : Replace 1) by f( . ) in the proof for Jefferson. A

Corollay : Every divisor method satisfies house monotonicity.
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QUOTA METHODS

An apportionment method satisfies lower quota if , for any
instance I = (h : p .- , Pn) and seat assignment (SS ... Sn) ,
it holds that six (12) where:= x Pi/ZPj

Similarly , upper quota requires that Sitq :7.

A quota method is one that satisfies both upper and lower quota.
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Theorem : Every divisor method fails the quota criterion.

We will prove a stronger result later.



PROPERTIES OF DIVISOR METHODS

Theorem : Every divisor method fails the quota criterion.

Among divisor methods :

* Only Jefferson's method always satisfieslowe quota.

* " Adams' Y I 11 upper "
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COHERENCE
laka uniformity)

Idea : Every part of a fai division should be fai.

An apportionment method satisfies coherence if , for any
instance I = (h : P , Pei- Pn) with seat assignment (S .Si ;Su)
and any subset & 31 , 2, --- n3 of states

,
the seat assignment

for the restricted instance I=Si : (Putet is (utet
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PROPERTIES OF DIVISOR METHODS

Theorem : Every divisor method satisfies coherence.

Proof : LetD be the divisor on the instance I
, and let

f be the rounding function.

Then
, for every state i , fei) = Si.

=> f) =Es .

Therefore
,
D is also the divisor for the restricted

instance I/+ , resulting in seat assignment (St)tet. A



STORY SO FAR

Divisor methods

+ avoid Alabama paradox (house monotonicity
+ avoid population paradox (population monotonicity
↓ avoid new state paradox (coherence)

- fail quota criterion



QUIZ



QUIZ
House size h = 10

States Populations Adams Jefferson

A ? 2 2

B 40 ? 4

C 27 3 ?

D ? 2 I

100

Fill out the missing entries.



NEXT LECTURE

An optimization view of Apportionment


