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-

US Constitution
,
Article 1

,
Section 2

,
Clause 3

came into force on March 4th
, 1789
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① Proportionality is the ideal & Basis of proportionality :

Representative population

③ Periodic revisions (Census) to ⑨ upper andlown bounds

account for shifts in population on no· of representatives

Missing : Exact no. of representatives & Method of apportionment
(the "how many" (the "how")
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THE MODEL

A n states with populations Pi , Pe :, Pn . (PiTO)

* House size ho

Goal : Assign seats S . S ..... Sn Elyo such that

5 + S2 +... + Sn = h
.

(apportionment method)

* Total population P = P , + P2 + - . + Pr

* Standard quota of state i : N : = Pixh (entitlement)
* upper quota : TqiT ,

hown quota : (vi)
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HAMILTON'S METHOD

Jaka method of largest remainder)

* Assign each state : its lower quota (i).

* Assign remaining seats one at a time to the

state with the largest remainder + = N: -(vi)



Congress passes a bill proposing
US constitution enacted the use of Hamilton's method

Bill becomes a law

1790
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March oh March 26 April 06
1789 1792 1792

--
census

Pr 3 . 6 million GW must decide in 10 days
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Congress passes a bill proposing
US constitution enacted the use of Hamilton's method

Bill becomes a law

1790
g f I I I -

March oh March 26 April 04 April 06
1789 1792 1792 1792

census

Pr 3 . 6 million GW consults Jeffuson
and Randolph
(both Reject Hamilton)



States gaining a
seat (A) have fewer than 30 , 000 people/representative
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Congress passes a bill proposing
US constitution enacted the use of Hamilton's method

Bill becomes a law

1790
g f I I I I -

March oh March 26 April 04 April 05 April 06
1789 1792 1792 1792 1792

census

Pr 3 . 6 million GW consults Jeffuson GW vetoes Hamilton

and Randolph (first even veto in US histry)
(both Reject Hamilton)





Differences in no . of people represented per seat across states

(i.e., method is "unfair")

violation of upper bound in the constitution



Washington interpreted this as a "per state" requirement





Jefferson
and

Washington
were from
↳
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Congress passes a bill proposing Jefferson's method
US constitution enacted the use of Hamilton's method adopted

Bill becomes a law

1790
g f I I I I 1...

March oh March 26 April 04 April 05 April 06 April 10
1789 1792 1792 1792 1792 1792

census

Pr 3 . 6 million GW consults Jeffuson GW vetoes Hamilton

and Randolph (first even veto in US histry)
(both Reject Hamilton)
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* Start with a divisor D corresponding to the number of

people per representative (e.

g .. D
= 30, 000)

* Calculate (E) for each state i

Why round down ? Recall
"at least" 30

,
000 per representative

Modified quotai
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JEFFERSON'S METHOD

* Start with a divisor D corresponding to the number of

people per representative (e.

g .. D
= 30, 000)

* Calculate (E) for each state i

* If [le) < h ,
deceased and repeat

& I 1 > "

,
increase D and repeat

1/
I' - 11

· assign S:= lig to each state Si
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JEFFERSON'S METHOD

* Let D be a divisor such that

↳ +( +... + y = 2.

* Assign Si = (i) to state i.

Does a Jefferson divisor always exist ?

Do all Jeffuson divisors give the same seat assignment ?

Can Jefferson outcome be efficiently computed ?
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D = 10

State Population
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C 53

100
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D = 10

State Population & lit

A 15 1 .5 I

B 32 3 .2 3

C 53 5 .3 5

100 9 <h down the divisor



JEFFERSON'S METHOD EXAMPLE

House size h = 10

D = 10 D = 0

State Population & lit & lit

A 15 1 .5 & 1 .87 L

B 32 3 .2 3 44

C 53 5 .3 5 6 . 62 6

100 9 11



JEFFERSON'S METHOD EXAMPLE

House size h = 10

D = 10 D = 0

State Population & lit & lit

A 15 1 .5 & 1 .87 L

B 32 3 .2 3 44

C 53 5 .3 5 6 .626

100 9 11 > h

=> Increase the divisor



JEFFERSON'S METHOD EXAMPLE

House size h = 10

D = 10 D = 0 D = 0 ..5

State Population & lit & lit & Hi

A 15 1 .5 I 1 .87 L 1.76 &

B 32 3 .2 3 4 4 3 . 76 3

C 53 5 .3 5 6 .626 6 . 24 6

100 9 11 10

Done !
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QUIZ
House size h = 10

State Population Hamilton Jefferson

A 15

B 14 ? ?
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100



QUIZ
House size h = 10

State Population Hamilton Jefferson

A 15

B 14 ? ?

C 13

D 58

100

Notice anything strange ?



QUIZ
House size h = 10

State Population Hamilton Jefferson

A 15 2 I

B 14 1 ↓

(divisor D = 5)
C 13 I I

D 58 6 7

100



QUIZ
House size h = 10

State Population Hamilton Jefferson

A 15 2 I

B 14 1 ↓

C 13 I I

D 58 6 7 > 107
100 Jefferson overshoots

upper quota



Congress passes a bill proposing Jefferson's method
US constitution enacted the use of Hamilton's method adopted

Bill becomes a law

1790
g f I I I I 1...

March oh March 26 April 04 April 05 April 06 April 10
1789 1792 1792 1792 1792 1792

census

Pr 3 . 6 million GW consults Jeffuson GW vetoes Hamilton

and Randolph (first even veto in US histry)
(both Reject Hamilton)
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adopted
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1792

30, 000= 112
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Jefferson's method

adopted

1...

Jeffuson Divisor House Size April 10
1792

30
,
000 112

Virginia's seats
28
,
500 120

Jefferson 19/105
33
,
000 105 7

Hamilton 18/105
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adopted
Cremained in use until 1842)

1...
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adopted
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April 10
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Jefferson's method
adopted

g I - -

April 10 1832

1792

No · of state : 15 -> 24

Population : 3 . 6 mil -> 12 mil

House size : 104 -> 240
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JEFFERSON'S LARGE STATE BIAS

House size h = 10 .

State Population Vi = Pi/zo Hamilton Pila
. 1 Jefferson

A 18 1. 8 2 1. 98 L

B 82 & . 2 & 9 .02 9

100

Quiz problem : Jefferson can push large states beyond upper quota.



Jefferson's method
adopted

Adams' method

proposed in Congress

g I - -

April 10 1832

1792



JOHN QUINCY ADAMS

* Sixth Us President (1825-29)
[Not to be confused with John Adams

,

his father and the second US President]

a Returned to Congress after his

Presidential tenme
1767 - 1848



ADAMS' METHOD

* Let D be a divisor such that

[ + 17 +...+T = 2.

* Assign Si = Tit to state i.

A round-up version of Jefferson's method .



ADAMS' SMALL STATE BIAS



ADAMS' SMALL STATE BIAS

House size h = 10 .

D = 10 D = 10 .3

State Population Pi/zo TPiSoT Pillo IP:%0 .37
A 18 1. 8 2 1 .75 2

B 82 & . 2 9 7 . 96 &

100 11 10

A : citizens9 por seat

B : 10 .25 citizens pe seat





Jefferson's method
adopted

Adams' method

proposed in Congress- Opposed by large states
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DANIEL WEBSTER

a Lawyer and Senator

a Spellbinding orator

1782 - 1852



WEBSTER'S METHOD

* Let D be a divisor such that

( + [] +... + [] = 2.

* Assign Si = [i] to state i.

SuT = Stulif
feacl so.



WEBSTER IS "UNBIASED"

Webster

V

3

i



Jefferson's method
adopted

Adams' method

rejected by Congress

g I I I -

April 10 18321842 1850

1792

Switch to

Webster's method



SAMUEL VINTON

* Membe of House of Representatives

A Argued in favor of adopting a
permanent apportionment method

*Proposed a method identical to

Hamilton's method. 1792 - 1862



Vinton's method
Jefferson's method
adopted adopted

Adams' method

rejected by Congress

g I I I -

April 10 18321842 1850

1792

Switch to

Webster's method



Vinton's method
Jefferson's method
adopted adopted

Adams' method

rejected by Congress

g I 11 -

April 10 18321842 1850

1792

> House size : 234
Switch to

Webster's method Hamilton/Vinton and Webster

outcomes coincided



Vinton's method
Jefferson's method
adopted adopted

Adams' method

rejected by Congress

g I I I I -

April 10 18321842 1850 1880

1792

Switch to

Webster's method



* Chief Cluk of Census Office

A Using 1800 Census results
,

Calculated Hamilton/Vinton outcomes

for all house sizes between C
.W .

SEATON

275 and 350.



-

49
,
371

,
340

House size grows but Alabama loses a seat !



-

49
,
371

,
340

Why ? Large States (Texas , Illinois) outpace Alabama.



Vinton's method
Jefferson's method
adopted adopted

Adams' method

rejected by Congress

g I I I I -

April 10 18321842 1850 1880

1792

Switch to
Alabama Paradox

Webster's method


