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COUNTING INVERSIONS

input : a length n away A of distinct integers

output: the number of inversions of A
I

pains (i , j) of away indices with

< j and Ali] > Alj].
e. g./13 15/2/4/6 135246

· & ↑ n H & elements
*

# inversions = 3
* n

· -- indicesH

I 2 3 4 5 6
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Collaborative filtering : Similar uses get similar recommendations



COUNTING INVERSIONS

Brute force algorithm : check every pair of indias (i , j)



COUNTING INVERSIONS

Brute force algorithm : check every pair of indias (i , j)

-(n)



COUNTING INVERSIONS

Brute force algorithm : check every pair of indias (i , j)

-(n)

Can we do better ?



COUNTING INVERSIONS

Brute force algorithm : check every pair of indias (i , j)

-(n)

Can we do better ?

Yes ! O(nlogn) algorithm via divide-and-conque.
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left invasion if i
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COUNTING INVERSIONS

call an inversion (i , j) whee icj

left invasion if i
,jer<

right inversion if i
. j7n/2<

compute these recursively

split inversion if is1 < j < compute these in "combine" step
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:E+ ) -- - (2k/2) - -- (2/

# split inversions =2/4

Count quadratic no .Of inversions in linear
,
i. e
., O() , time ?

suffices for Ohlogn) time overall
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Piggyback on Merge Sort

Suppose A has no split inversion.

Then
, every element in

[ every
element in

left half of A right half of A

What does muge subroutine do for such away ?

Concatenation ! Lethaltighthalf)
join
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What does merge
subroutine do when there are split inversions ?

Consider merging1 and 1.
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What does merge
subroutine do when there are split inversions ?

Consider
merging #11 and

Output #131411I

When "4" gets copied in output , the split inversion

(5, 4) is exposed.



What does merge
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Consider
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What does merge
subroutine do when there are split inversions ?

Consider
merging T151 and61 .

output2131415161
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Claim : Let A be an away , and let Land
R be sorted versions

of first and second halve of A .

The elements - > L and
ye
R form a split inversion

if and only if

mage (CR) copies y
to the output before m.

Proof : Since neL and yeR

( , y) split inversion# Y <> y copied before m.

A
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ALGORITHM COUNTING INVERSIONSFOR

input: an
away A ofa distinct integers

output : the number of inversions of A

if n / return O

Sort and

else (t , 1) : = recusively count inversions on left half of A
sont and

(R , M) : = 11
A

11 11 right."

(B , s) : -Mugeandt split inversions of A Cusing Land R)

return 1 + r + S How to implement this

in linear time ?



RECALL MERGE SUBROUTINE

initialize i := 1

initialize j : = 1

for := 1 to n

if LLi] < R(j] then

B[K] : = L(i]
incrementi by I

else

B(K] : = R[j]
incrementJ by I

return B



MERGE-AND-COUNT-SPLIT-INVERSIONS

initialize i := 1

initialize j : = 1

for := 1 to n

if LLi] < R(j] then
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MERGE-AND-COUNT-SPLIT-INVERSIONS

initialize s : = 0

initialize i := 1

initialize j : = 1

for := 1 to n

if LLi] < R(j] then

B[K] : = L(i]
incrementi by I

else

B(K] : = R[j]
incrementJ by I

return (B , s)
S : = >+)

# left in L



Theorem : For every input away A of length n1 ,
our algorithm correctly computes the number

of inversions of A and runs in 0(nlogu) time.



Theorem : For every input away A of length n1 ,
our algorithm correctly computes the number

of inversions of A and runs in 0(nlogu) time.

Proof : Exercise



TAKE AWAY

sometimes strengthening the induction hypothesis can help !

(sort-> sort + count)
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input : Two uxn matrices X and Y of integers

output: the product I = X . Y where
Zip= Mintj

colj

- . 11) : 1 7
X Y Z

input size : 0(MY
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MATRIX MULTIPLICATION

lab) .( [
ae + bg af t bh

Ice + dg of + dh

X Y Z

Running time for nxn matrices : O(m)

Can we do better ?
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APPLYING DIVIDECONQUER

X =1 Saxn
A
,
B

,
2
,
D are 1x1 matrices

(assuming n is even
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APPLYING DIVIDECONQUER

= IX =1) Ye
Then

,
X . Y = (AE

+B . 4 1.CE + D .

4BH veit
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RECURSIVE ALGORITHM

Step 1 : Recursively compute the X . Y I I
AE + B . G A . F + B . H

1.eight matrix products CE + D . 4 C . F + D . H

Step 2 : Do the
necessary

additions (E(ri time)

Fact : Above algorithm has running time #(3) (by Master theorem)
& coming soon !

Is there a way
to save a recursive call ?
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P = A . (F - M)
P = (A + B) . H X=(1)YeP3 = (c + c) . E

Pu = D . (G - E)

P5 = (A+D) · (E +H) x . y = (A
+ 1 . 4 A . F ↓ B . H

1.Ps = (B - x) · (G + H) CE + D . 4 C . F + D . H

PF = (A- c) · ( + F)

[ algorithmclaim : X . Y =

PrtPPutPDP7Strasserecusive call !
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Source : Wikipedia
0 (127 = 0 (42 , 0074)

0 (p
2 .

371552)


