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STORY SO FAR

* Max flow E tight cut exists ED S
,
t disconnected in Gf

* Min cut reduces to maximum flow

A Ford-Fulkerson : Correct but only a finite-time bound

* Today : D Edmonds - Karp : Ford-Fulkuson + shortest (St) paths

② Applications of max flow



FORD-FULKERSON ALGORITHM

① initialize fe = 0 #2

② repeat :

* search for an s-tpath p in Gf
such that every edge in P has positive residual capacity
/ possible in O(EI) time via BFS/DES

*If no such path ,
return current flow EfeSeeE

* else
, let A := min es Residual capacity inIfezp

- for all e- G with forward edges in P, add A to fe
for all e- G with reverse edges in P, subtract A from fe
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For integral capacities,

Ford-Fulkerson terminates in finite time with a valid flow.
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TERMINATION OF FORD-FULKERSON

For integral capacities,

Ford-Fulkerson terminates in finite time with a valid flow.

Does the algorithm return a max flow ?

How Do WE KNOW WHEN WE ARE DONE



OPTIMALITY CONDITIONS FOR MAX FLOW

Theorem : For a flowf in a graph G
,
the following are equivalent :

(a) f is a maximum flow of G

(b) there exists an (5
, t) = cut (A ,

B) such that

value of f = capacity of (A ,
B).

(C) there is no (sit) path in the residual graph If



MAX-FLOW MIN-CUT THEOREM

Corollary : For every network ,

maximum value of a flow = minimum capacity of an (s ,
t) - cut

* XXXXQ00 o 03
↓S

flow values cut capacities
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* Recall : f is max flow no (sit) - path in If

=> Ford-Fulkuson is correct

* Running time of Ford-Fulkuson : Pseudopolynomial (Tutorial 11)
runtime depends on He (not log He)

keeps choosing "essentially useless" paths over and over

Choose s-t paths intelligently



BACK TO FORD-FULKERSON

* Recall : f is max flow no (sit) - path in If

=> Ford-Fulkuson is correct

* Running time of Ford-Fulkuson : Pseudopolynomial (Tutorial 11)
runtime depends on He (not log He)

* FIX : Edmonds - Kap algorithm
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EDMONDS-KARP ALGORITHM

Refinement of Ford - Fulkerson

In 4t , pick an s-t path with fewest number of edges.



EDMONDS-KARP ALGORITHM
&

Ford- ① initialize fe = 0 #2

Fulkeson
② repeat :

* search for an s-tpath p in Gf
such that every edge in P has positive residual capacity
/ possible in O(EI) time via BFS/DES

*If no such path ,
return current flow EfeSeeE

* else
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EDMONDS-KARP ALGORITHM

① initialize fe = 0 #2

② repeat : with the fewest

* search for an s-tpath p in Gf
number of edges

such that every edge in P has positive residual capacity
/ possible in O(EI) time via BFS/DES

*If no such path ,
return current flow EfeSeeE

* else
, let A := min es Residual capacity inIfezp

- for all e- G with forward edges in P, add A to fe
for all e- G with reverse edges in P, subtract A from fe



EDMONDS-KARP ALGORITHM

① initialize fe = 0 #2

② repeat :

* search for an s-tpath p in GJ with fewest no - of edges
such that every edge in P has positive residual capacity
/ possible in O(EI) time via BFS/DES

*If no such path ,
return current flow EfeSeeE

* else
, let A := min es Residual capacity in Ifezp

- for all e- G with forward edges in P, add A to fe
for all e- G with reverse edges in P, subtract A from fe
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EDMONDS-KARP ALGORITHM

* Correct (special case of Ford - Fulkuson)

Theorem : The Edmonds-Karp algorithm runs in O (mm) time
,

where m = IE) and n = /V .

* Polynomial-time for any input capacities [Ue] .

* O(n) for sparse graphs ,
OC) for dense graphs
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Recall :

& is max flow> no (3 .
#) path inf

want to disconnect

s and t in Gf

Measure progress in turns of how far s and + me in Gf

number of edges
on the minimum-edge path



RUNNING TIME ANALYSIS OF EDMONDS-KARP

Recall :

& is max flow> no (3 .
#) path inf

want to disconnect

s and t in Gf

Measure progress in turns of how far s and + me in Gf

NOTE : An 15 , t) path can have at most (n-1) edges.
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Key Lemma : Fix a network G .

For a flow f , define :

the number of edges in a shortest s-t path in of

d(f) = & with positive residual capacity
↓a if no such path exists.
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For a flow f , define :
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d(f) = & with positive residual capacity
ta if no such path exists.

Then ,
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(b) d(f) increases at least once per m iterations.

G fixed , f changes - G changes
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RUNNING TIME ANALYSIS OF EDMONDS-KARP

Key Lemma : Fix a network G .

For a flow f , define :

the number of edges in a shortest s-t path in of

d(f) = & with positive residual capacity
ta if no such path exists.

Then ,

(a) d(f) never deceases during the execution of the algorithm

(b) d(f) increases at least once per m iterations.

Once d(f) > n => dif =+& done !
diffe 20 ,

1,..., n+, +0]
Olmn) iterations

BES per itration O(rin) time.
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PROOF OF KEY LEMMA

Imagine running BES in Gf starting from sources .

T
2

S 3 ... t
I &

Layer : O 1 2 d(f-1 d(f)

recall that BES finds shortest

paths in unweighted graphs
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PROOF OF KEY LEMMA

Imagine running BES in Gf starting from sources .

-L
2

S 3
M ... t
I &

Layer : 0 I 2 diff-1 dif)

Three types of edges in G :

* forward : going from laye i to layer it
* sideways : both endpoints in the same layer

#

* backward : going from layer i to layer j < /
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PROOF OF KEY LEMMA

Imagine running BES in Gf starting from sources .

T
2

S 3 ... t
I &

Layer : O 1 2 d(f-1 d(f)

Retain only forward edges in Gf

call the subgraph If Clayeed" graph)
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PROOF OF KEY LEMMA

Imagine running BES in Gf starting from sources .

T
2

S 3 ... t
I &

Layer : O 1 2 d(f-1 d(f)

NOTE : S-tpath in LE shortest -t path in GF
E)) any s-t path in If uses d(f edges.

By definition of dif) ,
it is the shortest path in 47.



PROOF OF KEY LEMMA

Imagine running BES in Gf starting from sources .

T
2

S 3 ... t
I &

Layer : O 1 2 d(f-1 d(f)

NOTE : S-tpath in LE shortest -t path in GF
(E) an set path in Gf that is not in If must use sideways or

backward edges ->> Hedges [dIf1 =>> NOT shortest path .
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PROOF OF KEY LEMMA

v

T
3 2

&

S 5 t
T

2 ~ 3
&

w

Initially zeo flow => Gf = G



PROOF OF KEY LEMMA

v

T
3 2

&

S 5 t
T

2v 3
&

w

We will only drawIf
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v

T
3 2

&

S 5 t
T

layer02
&

~ 3 layer 2

w
d(f) = 2

layer

Layered graph
&



PROOF OF KEY LEMMA

D = 2

v

T I

3 2

&

S 5 t
T

layer02
&

~ 3 layer 2

w

layer

Suppose Edmonds - karp augments along the top path
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2

v
19

v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& &

w w

BFS from s in new Gf
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2

v
19

v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& &

w w

d(f) = 2

unchanged
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2

v
19

v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& & T

w w
A=2

Edmonds-karp augments along
the bottom path
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v
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v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& & T v

w w

2
↓ 7 v

↑
2

2

L

S 5 t

d(f) increases to 3 ↑
2

7

2 ~

L 2

w
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v
19

v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& & T v

w w

v 2 130
2 2

L

31

↑

·itS ↓ 4 t [

↑ ↑ A= 1

2 -3
2v

< 2

w w
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v
19

v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& & T v

w w

v 2 130
2 2

L

31

↑

·itNo S-t path S
↑

↓ 4 t [
↑ A= 1

=> done ! 2 L 2v

L 3 < 2

w w
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v
19

v

3
T

2 I
↑

2
2

&
L

S 5 t S S 5 t
T T

2 ~ 3 2 ~ 3
& & T v

w w

v 2 130
For analysis of Edmonds - Karp :

↑
2 2

Use the same
S

L

3

↓

1

4 t [ ·it
"grouping" of Vertices ↑ ↑ A= 1

2 2vL
as in the first iteration w

< 3
w
< 2



PROOF OF KEY LEMMA

Key Lemma : Fix a network G .

For a flow f , define :

the number of edges in a shortest s-t path in of

d(f) = & with positive residual capacity
ta if no such path exists.

Then ,

(a) d(f) never deceases during the execution of the algorithm

(b) d(f) increases at least once per m iterations.



PROOF OF KEY LEMMA

Key Lemma : Fix a network G .

For a flow f , define :

the number of edges in a shortest s-t path in of

d(f) = & with positive residual capacity
ta if no such path exists.

Then ,

(a) d(f) never deceases during the execution of the algorithm

(b) d(f) increases at least once per m iterations.



PROOF OF KEY LEMMA

(a) d(f) never deceases during the execution of the algorithm



PROOF OF KEY LEMMA

(a) d(f) never deceases during the execution of the algorithm

Suppose ,
in iteration K

,
the algorithm augments along bath P in Gf.

Call the new flow fr



PROOF OF KEY LEMMA

(a) d(f) never deceases during the execution of the algorithm

Suppose ,
in iteration K

,
the algorithm augments along bath P in Gf.

Call the new flow fr
T augmenting path p

2

S & ... t
I &

Layer : 0 1 2 d(f-1 d(f)



PROOF OF KEY LEMMA

(a) d(f) never deceases during the execution of the algorithm

Suppose ,
in iteration K

,
the algorithm augments along bath P in Gf.

Call the new flow fr
T augmenting path p

2

S & ... t
I &

Layer : O 1 2 d(f-1 d(f)

It suffices to show that at the start of iteration KH1
, any

shortest

s-tpath in the updated residual graph G ,
has length at least difi.
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not present in Gf).
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(a) d(f) never deceases during the execution of the algorithm

How does the edge structure change upon augmentation along P ?

disappearing forward edge
2

S

S >........ t
[ 3

↑

I

&

&

*

newly created

backward edges
After augmentation along P :

A some forward edgels) in Gf might disappear (i . e
.,
not present in Gf).

* some backward edge(s) in G are created (these might show up as

forward/backward/sideways edges in Gf)·
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(a) d(f) never deceases during the execution of the algorithm
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consecutive layers with respect to the old residual graph Gf
T

2

S 3 .......... t[ [

I &



PROOF OF KEY LEMMA

(a) d(f) never deceases during the execution of the algorithm
NOTE : Any newly created edge must be a backward edge between

consecutive layers with respect to the old residual graph Gf
T

2

S 3 .......... t[ [

I &

This is because each such edge is created in response to the

augmentation along path P in the old residual graphIf
Recall thatP only uses forward edges between consecutive layers.
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(a) d(f) never deceases during the execution of the algorithm

Let p' be any
shortest s-t path in the updated residual graph Gy

S
T

2

S

S
[

3 ..........
t
3

I &

For D' to be shorte than dif) ,
it must use at least one shortcut edge

that goes from some laye j to layer (jf2) or more ,
where the

layes are as defined in the old layered graph If
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(a) d(f) never deceases during the execution of the algorithm

cannot exist

S
T

2

S
[

3.......... t
I &

But such a shortcut edge does not exist ! Why ?

* No such edge in Gf ,
otherwise BFS would have identified it. .

* " "G because newly created edges only go backwards

with respect to layers in old graph Gf . Ah
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(b) d(f) increases at least once per m iterations.

Consider a run of K consecutive ituations of Edmonds - Kamp

where the value of d(f) stays unchanged (say & (f) = c).

Want to show : Im

............... -
d(f) = 2 d(f) = 3 d(f)=4 d (f) = 10

save a copy of the layed graph If before the start of first such iteration
Let F = set of edges in the saved copy
Let V = SS3 , VI ,

V
, ..., Ve be the layers in the saved copy.
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(b) d(f) increases at least once per m iterations.

[ kituations 7

............ - .....

d(f) = C

Consider the Second of these kituations.

As argued in proof of part (a) , any newly introduced edge
after the first itelation goes from layer V, to Vie

*
3 N

T
2

=> no shortcut edges
S 3

↑
... t defined wet

I &
saved

copy in

Vi, Vi first ituation
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(b) d(f) increases at least once per m iterations.

[ kituations 7

...................
d(f) = c

Recall : The Shortest (sit) path in second ituation is of length d(f) = c.

No shortcut edge -> any shortest (sit) path must only use forward edges

=> every shortest (sit) path with respect to

in second ituation is
T

2

saved copy of If

contained in the edge set
S 3

↑
3 ... t

I &

of saved copy of If
Vi V ;
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(b) d(f) increases at least once per m iterations.

[ kituations 7

..... DDDDD .........

d(f) = c

Inductively , for any subsequent iteration where d(f) = c
, any shortest (it) path

is contained in the saved copyIf
Edmonds-Kap invokes one of these paths in each iteration.

T
2

S >... t
↑

I &

Vi, Vi
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(b) d(f) increases at least once per m iterations.

[ kituations >

..... DDDDD .........

d(f) = c

In each ituation
,
some forward edge in the chosen path is zeroed out..
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In each ituation
,
some forward edge in the chosen path is zeroed out..
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(b) d(f) increases at least once per m iterations.

[ kituations >

..... DDDDD .........

d(f) = c

In each ituation
,
some forward edge in the chosen path is zeroed out..

=> the numbe of "available" edge for Edmonds-Kap decreases by
1 in every iteration.

=> # itnations [m .

T
2

S

S 33 ... > t
T↑

I &

K
Vi V ;
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Key Lemma : Fix a network G .

For a flow f , define :

the number of edges in a shortest s-t path in of

d(f) = & with positive residual capacity
ta if no such path exists.

Then ,

(a) d(f) never deceases during the execution of the algorithm

(b) d(f) increases at least once per m iterations.

Corollary : Edmonds - Karp runs in 0 (mn) time.
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MINIMUM CUT PROBLEM

p
T

1 1 100
B

I

S 1 100 t
A

T

100 L 1
I

w

Goal : compute (sit) - cut (A , B) minimizing [Heets(A)

Recall : (S. t)-minimum cut problem reduces to max flow in linear time.
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Application in image segmentation (Additional reading)
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input : an undirected bipartite graph V W

P = (v vw , E) .

goal : a maximum cardinality matching
subset of edges
with no shared endpoints



BIPARTITE MATCHING



BIPARTITE MATCHING

V WI

We Ve

Bipartite



BIPARTITE MATCHING

V WI

We Ve



BIPARTITE MATCHING

V WI

We Ve



BIPARTITE MATCHING

V WI

We Ve

Size of maximum matching = 2



BIPARTITE MATCHING

V WI

We Ve

Size of maximum matching = 2 =



BIPARTITE MATCHING

Size of maximum matching = ?



BIPARTITE MATCHING

Size of maximum matching =1



BIPARTITE MATCHING

Many , many applications :

- job applicants and positions

-courses and slots (room + time)

-

organ donors and patients

i
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Claim : Bipartite matching reduces to maximum flow in linear time.

Proof :
V W

*

S
s

I

#

t
&

S
S

↳

NOTE : Layered graph -> every (sit) flow path includes exactly
one edge of given bipartite graph
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Claim : Bipartite matching reduces to maximum flow in linear time.

Proof :
V W

t

S *
1

↳ · 1

S
+& I ↓ · t

*
↓

achieved by
S

+S
Fond-Fulkelson

↳

and Edmonds-Karp
cap = 1 each cap = 1 each

Bipartite matching > Integral Flow (Cheek ! )
size of matching = value of flow


