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INTEGER MULTIPLICATION

input : two n digit numbers u and y

output : the product n . y

Grade-school multiplication 19r2 basic operations

Recursive algorithm (colls) ?

Kanatsuba algorithm (3 calls) !
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input : sorted aways Land
R of lengthU/2 each

output : sorted away B of length n menis even
initialize ii = 1

initialize j : = 1

for := 1 to n #
if LLi] < R(j] then ·

B[K] : = L(i]
incrementi by I #

else

ignoring end cases B(K] : = R[j] j

When i or j falls off incrementJ by I
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What is the basic operation ?

-commonly , any pairwise comparison

-for now
,
a line-by-line implementation

using a debugger

Let's start by analyzing MERGE subroutine.



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of lengthnh is even

initialize ii = 1

initialize j : = 1

for := 1 to n

if LLi] < R(j] then

B[K] : = L(i]
incrementi by I

else

B(K] : = R[j]
incrementJ by I



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of lengthnh is even

initialize i : = 1
2 operations

initialize j := I 3
for := 1 to n

if LLi] < R(j] then

B[K] : = L(i]
incrementi by I

else

B(K] : = R[j]
incrementJ by I



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of length n menis even
initialize i : = 1

2 operations
initialize j : = 1 3
for := 1 to n executesa times

if LLi] < R(j] then

B[K] : = L(i]
incrementi by I

else

B(K] : = R[j]
incrementJ by I



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of lengthnh is even

initialize i : = 1
2 operations

initialize j : = 1 3
for := 1 to n executesa times

if LLi] < R(j] then

B[K] : = L(i] 3 ?? operations
incrementI by ↓

else

B(K] : = R[j]
incrementJ by I



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of lengthnh is even

initialize i : = 1
2 operations

initialize j : = 1 3
for := 1 to n executesa times

if LLi] < R(j] then

B[K] : = L(i] 3 + 1 = 4 operations
incrementI by ↓ 3 Linclementing k

else

B(K] : = R[j]
incrementJ by I



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of lengthnh is even

initialize i : = 1
2 operations

initialize j : = 1 3
for := 1 to n executesa times

if LLi] < R(j] then

B[K] : = L(i] 3 + 1 = 4 operations
incrementi by I

3 Linclementing k
else

BLKM34 operations



MERGE SUBROUTINE

input : sorted aways Land
R of lengthU/2 each

output : sorted away B of lengthnh is even

initialize i : = 1
2 operations

initialize j : = 1 3
4n + 2 operations

for := 1 to n executesa times

if LLi] < R(j] then

B[K] : = L(i] 3 + 1 = 4 operations
incrementI by ↓ 3 Linclementing k

else

BLKM34 operations
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MERGE SUBROUTINE

Lemma : Running time of MERGE subroutine on input aways

of length / each is 141 + 2.

Gl Since 17, 1

(So we can plug in other values of 1 late)
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MERGE SORT RUNNING TIME

Theorem : For every input away of length n 1
, Mage Sort

performs at most onlogh + On operations.

Proof via recursion tree
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MERGE SORT : PSEUDOCODE

if n11

return A

else

L : = left half of A sorted recursively
Ri = right"

S 19

return MERGE (L , R)

& only need to count this
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root

How much work does Megr Sort
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(from Lemma)
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Proof : (assuming n is bown of 2)
root

How much work does Megr Sort

triginalaway do at level j ?
Helft · Fight &

work done by mege
D . ·T . ·T at level j
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MAKING SOME ASSUMPTIONS EXPLICIT

Worst-case (or adversarial) analysis
- "On lognton" bound holds for every single input ofSizen

no assumption on where the input comes from

Not too worried about precise constants

- used "6e" instead of "41 + 2" for MERGE

-helps focus on properties of algorithms that transcend dependence

on machine
, programming language ,

architecture
,
etc.

- mathematicallyeasier and no loss in predictive power
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ASYMPTOTIC ANALYSIS

which running time is better : Onlogh + on or In ?

In
2

In
2

f(n)

-onlog +n

f(n)

Enlogn +En

-
o go 100 o150 500 1000 1500

M M

On log + On is faster for sufficiently large inputs
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ASYMPTOTIC ANALYSIS

Why care about large inputs ?

- most algorithms can easily handle
small inputs ;

it's the large inputs that require algorithmic cleverness

-our ambitious grow with technological progress !

Need fast algorithms for large inputs
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WHAT IS A "FAST" ALGORITHM ?

An algorithm whose worst-case running
time

grows slowly with input size

Poly-time in theory =>> fast in practice
Often but
not always







Not poly-time in the worst case !


