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input : A directed graph G = (V , El ,

a possibly negative lengthle for each edge etE

output :D compute the length of the shortest n -r path

for all pains of vertices no ev , or

② output a negative cycle.
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Why not solve single source shortest path problem

with every vetex as a source ?

If nonnegative lengths => run Dijkstran times

=> O (mn logn)
> O(n-logn) sparse

30(logn) dense

Is O(n3-2) possible for any
2xo ? Open problem !

Isn't it "obvious" that one needs-f (n) time ? Afterall , Hedges/path = O(n)

Maybe some computation is simultaneously relevant to multiple problems

remember matrix multiplication ?
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* 0(n) algorithm for APSP

AWorks even with negative edge lengthsLe

* at least as good as n invocations of Bellman-Ford ,
even on

sparse graphs

* for nonnegative edge lengths , competitive with n Dijkstra's in dense graphs

* Applications :① finding transitive closure of binary relation

② Schulze voting rule
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OPTIMAL SUBSTRUCTURE

Recall : can be tricky to define ordering on subproblems in graph problems

order the vatices V = &1 ,
2, ..., n3 arbitrarily

Let ulk . = 3 1 ,
2, -., 3

Lemma : Suppose graph G has no negative cycle. Fix source ieV
,

destination je U
,
and prefix length K.

(k)
P : = shortest (cycle-free) i-j path with all internal nodes in V.

Example : 11
, j = 5 -10-4 - 10 KE50 ,

1
, 23 : No path

1
S

5 k = 3 : 1-2-375
T

25

233
5 k = 4 : 1 - 4-5

-4
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Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je U
,
and prefix length K.

(k)
P : = shortest (cycle-free) i-j path with all internal nodes in V.

Case I : If k is not intunal to P.

(k- 1)
=> P is the shortest (cycle-free) i-j path with all internal nodes in V.

i P P2
CaseI : If k is internal to P was I mem

I

(k- 1)
=> E is the shortest (cycle-free) i-k path with all internal nodes in V ,

and

(k- 1)

R is the shortest (cycle-free) k-j path with all internal nodes in V.



A digression...



WHY NOT USE EDGE BUDGET AGAIN ?



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.

Case I : If P has at most (K-1) edges



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.

Case I : If P has at most (K-1) edges

=> P is the shortest (cycle-free) i-j path with at most #1 edges



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.

Case I : If P has at most (K-1) edges

=> P is the shortest (cycle-free) i-j path with at most #1 edges

CaseI : If P has K edges



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.

Case I : If P has at most (K-1) edges

=> P is the shortest (cycle-free) i-j path with at most #1 edges

i ChedgesCaseI : If P has K edges u h



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.

Case I : If P has at most (K-1) edges

=> P is the shortest (cycle-free) i-j path with at most #1 edges

i
(K-1) edges -jCaseI : If P has K edges u h
pr

=> P is the shortest (cycle-free) i-h path with at most #1 edges



WHY NOT USE EDGE BUDGET AGAIN ?

Lemma : Suppose graph G has no negative cycle. Fix source ieU
,

destination je V , and edge budget K.

P : = shortest (cycle-free) i-j path with at most k edges.

Case I : If P has at most (K-1) edges

=> P is the shortest (cycle-free) i-j path with at most #1 edges

i
(K-1) edges -jCaseI : If P has K edges u h
pr

=> P is the shortest (cycle-free) i-h path with at most #1 edges

Check : For each i ,j , 0 D + in-dig(j) time per update => O(n")
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THE RECURRENCE

Setup : Let A be a 3D away (indexed by i
, j , K)

Intent : Ali , j , K] = length of shortest i-j path with all internal
vertices in ulks

Base cases : What is A Li , j , of If

* i= j ? 0 (empty path)
* [ , jj -E ? Mij
* itj and (i , j) # E ? + o (no path)



THE RECURRENCE

Setup : Let A be a 3D away (indexed by i
, j , K)

Intent : Ali , j , K] = length of shortest i-j path with all internal
vertices in ulks

Recurrence : For all it V
, jev and K-II

,

Ali , jk] = mindAlij , K-1] , Alik , K-1] + A(kj , K-1]] .



FLOYD-WARSHALL ALGORITHM

A := nxnX (n + 1) size away // indexed by ijik
11 base cases if izj
for all jer : Alljo] =IfD d (j)*I/ recurrence

for K = 1 to n
for ie v

for je v

Ali , j , k] = min[ALij , k-1] I Case I

* (i,k
,
K-1) + A(kj , K-17 / can I

Running time : O(1) per subproblem ,
O(n) overall.



FARS



FARS

① What about graphs with negative cycles ?



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

m highest
su y label

- Fr

Pr



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

m highest
su y label

- Fr

- Pr

no repeated vertices (WOLOG)



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

cycle-free paths
m highest
su y label

- Fr

Pr



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

A(u , n, y] =
m highest
su y label

- Fr

Pr



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

Alu , n, y] =minding + Aly ,n, y -1
~ highest
su y label

- Fr

Pr



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps
A(x

,
n
, y -1] m highestAlr , n, y] =minding-1]y 1] y label

- Fr

Pr
at most the length at most the lengthof shortest cycle-free of shortest cycle-free
path froma to y
with intund modes in My path from y to a

with intund modes in My



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

Alu , n, y] =minding + Aly ,n, y -1
m highest
su y label

- Fr
< wot of cycle < O Pr



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

Alu , n, y] =minding + Aly ,n, y -1
m highest
su y label

- Fr
< wot of cycle < O Pr

② How to reconstruct shortest paths ?

&



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

Alu , n, y] =minding + Aly ,n, y -1
m highest
su y label

- Fr
< wot of cycle < O Pr

② How to reconstruct shortest paths ?

Bli , j] = max label , sayl , of an intunal node
on a shortest i-j path for all i , jeV .

&



FARS

① What about graphs with negative cycles ?

Then
,
at least one "diagonal" entry Ali , i , n] is negative.

Ps

Alu , n, y] =minding + Aly ,n, y -1
m highest
su y label

- Fr
< wot of cycle < O Pr

② How to reconstruct shortest paths ?

Bli , j] = max label , sayl , of an intunal node Recuese on Bli , l]

on a shortest i-j path for all i ,jev .

and B/1 , j].
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an instance of max flow problem is defined by :

a directed graph G = (V ,
El

a source vetex s el

a sink vetex tel

a nonnegative and integral capacity He for each edge eE

Why not 2 ?
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FeasibleSolutions : Flows

2

3
T 2
I 3

T 2

I (3)24
I

S 5 t E
S 215 t

1
T-

(4 (3)
&

2 3 T 2 3
I v I v

2

superposition of paths
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FeasibleSolutions : Flows
37 2

A nonnegative rector EfePett Satisfying (3) (2)
I

S 215 t
&

1
. capacity constraints ( (3)

2

,
3

fe le &E

2. Conservation constraints

flow in flow out VES,t fe = 0

-> v v
EY T is feasible

-
Y
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Claim : Flow out of s = Flow into t

Proof : Define Type I edges : (5 , 01 for o Est] 3

(3)

T

(2)

2

I

Type I edges : (0,t) for 0 &G ,t] S(15
&

t

(4 (3)

Type Il edges : (4, 01 for 4
,05s ,t] 2

,
3

& flow-in (v) = Ifeee ①
O Sit Type I

2 flow-out (v) = Ife ehe ②
O Sit Type It

Capacity constraints => D = > flow out of s = flow into t #

[Type I) (Type #I
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FeasibleSolutions : Flows
37 2

A nonnegative rector EfePett Satisfying (3) (2)
I

S 215 t
&

1
. capacity constraints ( (3)

2

,
3

2. Conservation constraints

Objective : maximize flow value := flow going out of s

Assume : no edges going into s or coming out of t . (holos)
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① initialize fe = 0 #2

37 2

② repeat :

I

S 5 t
* search for an s--path p

&

such that fe < le #2 EP. 2

I v
3

/ possible in O(EI) time via BFS/DES

*If no such path ,
return current flow EfeSeeE

* else
, let A := min (We-fe)

ezpu

room on e

-
-

room on P



IDEA #1 : NAVE GREEDY APPROACH

compute a sequence of flows with progressively higher values

① initialize fe = 0 #2

37 2

② repeat :

I

S 5 t
* search for an s--path p

&

such that fe < le #2 EP. 2

I v
3

/ possible in O(EI) time via BFS/DES

*If no such path ,
return current flow EfeSeeE

* else
, let A := min (he-felt

- for all edges eep ,
increase fe by A.


