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OPTIMAL SUBSTRUCTURE
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subproblems along two dimensions recall C and all
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. ., 3

A all possible (integral) residue capacities nESO ,
1, . . ., 2)

Design a recurrence to systematically solve all subproblems.



KNAPSACK RECURRENCE

Define Vin := value of best solution that

(a) uses only the first ; items
,
and

(b) has total size < v



KNAPSACK RECURRENCE

Define Vin := value of best solution that

(a) uses only the first ; items
,
and

(b) has total size < v

For every i - [ 1 ,
2, ..., 43 and every a + 90 ,

1
,
2
,

-

, 23

VVin = max [Vi
,

n : (ill ,
n- s

+ -]

excluding item i including item i



KNAPSACK RECURRENCE

Define Vin := value of best solution that

(a) uses only the first ; items
,
and

(b) has total size < v

For every i - [ 1 ,
2, ..., 43 and every a + 90 ,

1
,
2
,

-

, 23

Vin = max [Vi
,

n : Vin
, n-s

+ v] if sixn
F v if Si > n.

12-1) ,
n



THE ALGORITHM



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (C + 1) two-dimensional array



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away

-



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away
Il base case

Alo , 4) = 0 for n +so, 1
. ...23



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away
Il base case

Alo ,] = 0 for n 50 ,
1

, .., 2]%



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away
Il base case

Alo ,] = 0 for n 50 ,
1

, .., 2]%1/ recurrence

for i = 1
,
2, . . ., n

for u = 0
, 1

,
--

, C

-
&



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away
Il base case

Alo ,] = 0 for n 50 ,
1

, .., 2]%1/ recurrence

for i = 1
,
2, . . ., n

for u = 0
, 1

,
--

, C

↑ [i , n] : = max &Ali-1 ,
u7

, Ali- ,
n-sil + Vb / Sidn

-



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away
Il base case

Alo ,] = 0 for n 50 ,
1

, .., 2]%1/ recurrence

for i = 1
,
2, . . ., n

for u = 0
, 1

,
--

, C

↑ [i , n] : = max &Ali-1 ,
u7

, Ali- ,
n-sil + Vb / Sidn

-

-

or A/i , n] : = Ali-1 ,
n] Il Sixn



THE ALGORITHM

input : item values V
, ..., Un

,
item sizes s, , ..., In , capacity (

output : maximum total value of a subset $231 ,
2
... n3 with [SisC .

itS

// subproblem solutions

A : = (n + 1) X (D + 1) two-dimensional away
Il base case

Alo ,] = 0 for n 50 ,
1

, .., 2]·1/ recurrence

for i = 1
,
2, . . ., n

for u = 0
, 1

,
--

, C

↑ [i , n] : = max &Ali-1 ,
u7

, Ali- ,
n-sil + Vb / Sidn

-

-

or A/i , n] : = Ali-1 ,
n] Il Sixn



THE ALGORITHM

Running time :?

·



THE ALGORITHM

Running time : O(nC) subproblems

O(1) time per subproblem

=> O(n2) time overall

·



THE ALGORITHM

Running time : O(nC) subproblems

O(1) time per subproblem

=> O(n2) time overall

Is this algorithm polynomial time ?



THE ALGORITHM

Running time : O(nC) subproblems

O(1) time per subproblem

=> O(n2) time overall

Is this algorithm polynomial time ? No !

input size : 0([logvi + [logsi + loge)
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Running time : O(nC) subproblems

O(1) time per subproblem

=> O(n2) time overall

Is this algorithm polynomial time ? No !

input size : 0([logvi + [logsi + loge)
Pseudopolynomial time



THE ALGORITHM

Correctness : By induction (Exercise)

Reconstruction : By backtracking [Exercise)
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Understanding the functions of specific regions of genomes
Undustanding phylogenetics


