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PRIM's ALGORITHM

input : connected undirected graph G = (V , El , edge costs &See
output : edges of minimum spanning tree of G

// initialization

X : = 35] Is is an arbitrarily chosen verter

T : = 0 // invariant : edges in T span X

/ main loop
While X*V

let e=( , v) be a minimum cost edge with neX , veX
add e to T

add v to X

return T



EMPTY CUT LEMMA

Lemma : A graph is not connected if and only if there exists a cut

with no crossing edges.
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DOUBLE CROSSING LEMMA

Lemma : Suppose the cycle CIE has an edge crossing the cut ( , B).

Then , there exists another edge of C that crosses (A, B).
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DOUBLE CROSSING LEMMA

Lemma : Suppose the cycle CIE has an edge crossing the cut ( , B).

Then , there exists another edge of C that crosses (A, B).

Lonely cut corollary : If e is the only edge crossing a cut (A , BI ,
then e is not contained in any cycle.



THE CUT PROPERTY

Claim : If an edge e is the cheapest edge crossing a cut (A ,
B)
,

thene belongs to every MST of graph G.



CORRECTNESS OF PRIM's ALGORITHM

Theorem : Prim's algorithm always computes an MST.

Corollary : Distinct edge costs =>> MST is unique.
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RUNNING TIME OF PRIM's ALGORITHM

// initialization

X : = 35] 1/ s is an arbitrarily chosen verter

T : = 0 // invariant : edges in T span X
use heap !

/ main loop O(n) ituations O(m) time
While X*V

let e=( , v) be a minimum cost edge with neX , veX
add e to T

add v to X

return T
O(mlogn) (see "Additional Reeding"

O(mn) time overall
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KRUSKAL's ALGORITHM

Loberman and Weinberger

Jannik Kruskah Prim Dijkstra

I I I I
1956

1930 1957 1959

Application : Single-linkage clustering
(Additional reading)
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Idea : Pick the cheapest available edge without creating a cycle.
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KRUSKAL's ALGORITHM
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KRUSKAL's ALGORITHM

input : connected undirected graph G = (V , El , edge costs &See
output : edges of minimum spanning tree of G

// initialization

T : = 0
sort edges of E by cost

/ main loop
for each edge e-E in increasing order of cost

if Tuses is acyclicI L add e to T

return T
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CORRECTNESS OF KRUSKAL'S ALGORITHM

Theorem : Kruskal's algorithm always computes an MST.

Proof : (1) Kruskal's algorithm computes a spanning tree +
*

- acyclic : by design !

3-spanning cominga

(II) T
*

is an MST
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Claim : Kruskal's algorithm always computes a spanning tree.

Proof : ① To is acyclic : By design !

② ↑
*

is connected : Consider
any

cut #,B) . Empty cut lemma >

at least one edge of G crosses this cut (since G is connected)
#

S C ↑

Kruskal's algorithm considers every edge of G.
- I Consider the first time Kruskal sees an edge e that crosses # , B).
S -

A B
Then

,
e is a "lonely" crossing edge wet*

=> e does not create a cycle in T* and so Kruskal includes it.

Since cut (A , B) was chosen arbitrarilyE no empty cuts= connected.

③ # is spanning : If not ,
consider the cut included , excludeda Mul( (
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CORRECTNESS OF KRUSKAL'S ALGORITHM

Theorem : Kruskal's algorithm always computes an MST.

Proof : (1) Kruskal's algorithm computes a spanning tree +*
- acyclic
- spanning
-connected

(II) T
*

is an MST

Usingcut property.
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Theorem : Kruskal's algorithm always computes an MST.
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RUNNING TIME OF KRUSKAL's ALGORITHM

// initialization OCm logn)
T : = 0
sort edges of E by cost

Olm)
/ main loop
for each edge e-E in increasing order of cost

if Tuses is acyclic O(n) O(1) via

I L add e to T
union-find

5

return T O (m log n) Additional reading
O(mn) overall


