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THE MINIMUM SPANNING TREE PROBLEM

input : an undirected graph G = (V , E) with real-valued edge costs [Ce
E

output : a spanning tree TCE of G with minimum possible sum

I of edge costs.

eET



EXPONENTIALLY MANY SPANNING TREES

⑧
- Some middle node

·

must have both edges

⑧
in spanning tree

· ⑳

i
n - 3 ·# spanning trees 2 for every

other mode
,

Cannot hope to find an MST
pick either left or right edge

via brute force



ASSUMPTIONS

1. Input graph G is connected.

- else no spanning tree
-

easy to check connectedness (e. g ., via BFS or DFS)

2. Edge costs are distinct.

- cleane proofs of correctness

-

algorithms (Prim's , Kruskal's) correct without this assumption



PRIM's ALGORITHM

input : connected undirected graph G = (V , El , edge costs &See
output : edges of minimum spanning tree of G

// initialization

X : = 35] Is is an arbitrarily chosen verter

T : = 0 // invariant : edges in T span X

/ main loop
While X*V

let e=( , v) be a minimum cost edge with neX , veX
add e to T

add v to X

return T
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CUTS

A cut of a graph G : /V , E) is a partition of the Veter set V

into two nonempty sets.

⑳ ①

↳

g & &
&

a
a

⑳
of

n-1

How
many

cuts does a graph withn vertices have ? 2 - 1



3 easy facts about cuts
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EMPTY CUT LEMMA

Lemma : A graph is not connected if and only if there exists a cut

with no crossing edges.

Proof : (E) Say cut ( , B) has no crossing edges.

Pick
any GeA and re B.

p N
v

↑
v

Any umr path must have some
u-

M

-

edge crossing the cut # , B).
I

A B
Since ( , B) has no crossing edges,
there cannot be auueu path graph is not connected.
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Lemma : A graph is not connected if and only if there exists a cut

with no crossing edges.

Proof : () Graph not connected- no path between some pair of
Vertices u and V.

Define A := Evertices reachable from u in the graphy.
us connected component
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EMPTY CUT LEMMA

Lemma : A graph is not connected if and only if there exists a cut

with no crossing edges.

Proof : () Graph not connected- no path between some pair of
Vertices u and V.

Define A := Evertices reachable from u in the graphy.
&

↑ us connected component
-

& · ~ B : = gall other vertices 3W

A ↑ other connected components
A B

Note : neA and reB = (A , B) is a cut .

Observe : No edges crossing (A , B) Otherwise A would be bigger.
T



EMPTY CUT LEMMA

Lemma : A graph is not connected if and only if there exists a cut

with no crossing edges.

So,

a graph is connectedE no empty cuts.
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DOUBLE CROSSING LEMMA

Lemma : Suppose the cycle CIE has an edge crossing the cut ( , B).

Then , there exists another edge of C that crosses (A, B).

C

W

A B

Proof : Exercise



DOUBLE CROSSING LEMMA

Lemma : Suppose the cycle CIE has an edge crossing the cut ( , B).

Then , there exists another edge of C that crosses (A, B).

Lonely cut corollary : If e is the only edge crossing a cut (A , BI ,
then e is not contained in any cycle.
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// initialization

X : = 35] 1/ s is an arbitrarily chosen verter

T : = 0 // invariant : edges in T span X

/ main loop
While X*V

let e=( , v) be a minimum cost edge with neX , veX
add e to T

add v to X

return T
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CORRECTNESS OF PRIM's ALGORITHM

Claim : Prim's algorithm always computes a spanning tree.

Proof : ① Algorithm maintains the invariant thatT spans X . Check ! )

② Ispanning"] Algorithm can't get stuck with X*V
otherwise the cut (X , VIX) must be empty
Empty cut limma = graph is disconnected.

③ L'acydlic") No cycle ever gets created in
T

.

1

↑
e

↑ Conside any ituation . Say an edge e gets added to
T

.
T

-

~ ↑ Then
,
e is the first edge crossing the cut (X ,VIX) that gets

added.

X VIX By lonely cut corollary , e cannot participate in a cycle.

⑦ ('connected"] T is connected (check ! ) T
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CORRECTNESS OF PRIM's ALGORITHM

Theorem : Prim's algorithm always computes an MST.

Proof : (1) Prim's algorithm computes a spanning tree +*

(II) T
*

is an MST

When is it safe to add an edge ? Cut property !
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THE CUT PROPERTY

Claim : If an edge e is the cheapest edge crossing a cut (A ,
B)
,

thene belongs to every MST of graph G.

Proof : Tutorial Sheet 7
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CORRECTNESS OF PRIM's ALGORITHM

Theorem : Prim's algorithm always computes an MST.

Proof : We know Prim's algorithm computes a spanning tee , say *

Every edge est selected by Prim's algorithm is explicitly
justified by the cut property.

=> every edge of T
*

belongs to every MST

=> T
*
is a subset of every MST.

=> T
*

is the unique MST .

T


