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SINGLE-SOURCE SHORTEST PATH PROBLEM

input : A directed graph G = (V , El , starting vertex s ,
a non negative lengthle for each edge eE

output : dist(s, v) for every
vetex veV.

For negative lengths ,
use Bellman-Ford algorithm.
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SINGLE-SOURCE SHORTEST PATH PROBLEM

Doesn't BFS already compute shortest paths ?

Yes
, if length of a path = number of edges in it

He= 1 for every edge e)

start S

↑X
t

BFS fails

iv
W
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SINGLE-SOURCE SHORTEST PATH PROBLEM

Isn't an edge with lengthle the same as1 unit length edges ?
1 11

3
& -S

⑧
S
. · ~ ·

S t S t

This representation is faithful but wasteful .

BFS time is linear in the size of the blown up graph

[le >> n + m
e

Solution : Dijkstra's algorithm



DIJKSTRA's ALGORITHM

When le = 1 for all edges e , Dijkstra's algorithm
becomes breadth - first search .
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Initialize

processed not processed
X := ES3 vertices processed so far * X VIX wit

↑ 3. &

Als] = 0 computed shortest-path distances ↓
->
I& I

B/s] = 0 computed shortest paths i & Y

S .[ &

// main loop
while XFV need to grow X

among all edges (r ,wIEE
with veX and weX , pick one that minimizes

Alv] + low Dijkstra score

Call it (v* w
*

)
Add W

* to X
.

Set A/w] : = Alv
*
] + Mr* and B/W

*

] : = Blu v (w*)
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ATV] = 1
B(V) = (S , v)

v6
Als]= 0 ↳

S
4

t
Alt] = 6

B15:
Nov B(t] = 5-v-w-t

W

A[w] = 3

B[W] = 5-V- w
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Negative edge lengths : What's the big deal ?

↓"5
+ 5 per edge

& 2"
S > t S > t

-2 3

Doesn't preserve shortest paths !

Different paths have different number of edges.
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Never mind
. Why don't we run Dijkstra anyway !

1"75
S > t

-2

A[S] = 0 A (t] = - 2

B1s] =P B(t] = >- > t

INCORRECT !
3-v-t is shorter
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Theorem : For every directed graph G = (V , E) with non negative
edge lengths and for every starting vertex s , at the
conclusion of Dijkstra's algorithm ,

Alv] = dist(s, v).

length of BCVS = dist(s , v1.

Proof by strong induction.
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P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Base case K= 1 : Als] = 0 = dist(s , s) -

requires no negative length path
from s to itself
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Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Base case K= 1 : Als] = 0 = dist(s , s) -

B/s] = 0 -
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Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step : Assume for all previous iterations 1
,
2,.., k+

Alv] = dist(s , v) and length of BTV] = dist(s, v) .

Let w
*
be the
I
ventex added to x

say , through the edge (WY where
*
eX

,
*** X.

Want : Alw
*

] = dist(s , w
&

]

length of BlW
*
] = dist(s , w").
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Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step :

(by ind . hyp .)
*
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*] =
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We set Alw
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*
y++
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Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step : Suffices to show that every s-w
*

path has length
at least Alv

*
] + &twx

Let P be
any -o

*

path.

Any such path must cross the frontier between X and VIX.
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P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step : Any s-w
*

path P has the form :

A
S Y I W

EX eX #X EXSlies entirely in X
length < dist(s, y)

must have non negative length
= A(y] (by ind. hyp)
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Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step : Any s-w
*

path P has the form :

A
S Y I W

eX >Aly] ex #X 7, 0 EX

length of path P = length Suzy + length yut2 + length zmo w
*

- Alys + lyz
By Dijkstra score criterion : Alv + la* < Alys + lyz
( , 2) was available to algorithm ,

but it chose (vT WY).



DIJKSTRA'S ALGORITHM : CORRECTNESS

Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step : Any s-w
*

path P has the form :

A
S Y I W

eX >Aly] ex #X 7, 0 EX

length of path P = length Suzy + length yut2 + length zmo w
*

- Alys + lyz
By Dijkstra score criterion : Alv + la* < Alys + lyz

< length of path p



DIJKSTRA'S ALGORITHM : CORRECTNESS

Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step : Any s-w
*

path P has the form :

A
S Y I W

eX >Aly] ex #X 7, 0 EX

length of path P = length Suzy + length yut2 + length zmo w
*

- Alys + lyz
By Dijkstra score criterion : Alv + la* < Alys + lyz

[ length of pathp.
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Proof : (by strong induction on the number of iterations)
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Proof : (by strong induction on the number of iterations)
P(K) : for the vertex v added to X

, A/V] = dist(s , r) .

Ind . Step :

By
dist(s , w

*
) > Alu

*

y + Myth

By :

dist(s, w* < Alvy + MetrY

=> 5-v
*

- w
*
is the shortest path to w*.

T
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Initialize

X := ES3 vertices processed so far

Als] = 0 computed shortest-path distances

B/s] = 0 computed shortest paths

// main loop
while XFV need to grow X

among all edges (r ,wIEE
with veX and weX , pick one that minimizes

Alv] + low Dijkstra score

Call it (v* w
*

)
Add W

* to X
.

Set A/w] : = Alv
*
] + Mr* and B/W

*

] : = Blu v (w*)
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DIJKSTRA'S ALGORITHM : RUNNING TIME

Initialize

X := ES3 vertices processed so far

Als] = 0 computed shortest-path distances

# iterations = n-1 (n = #rutices)
/ main loop
while XFV need to grow X #cheeks = m (m = #eges)

among all edges (r ,wIEE
with veX and weX , pick one that minimizes

Alv] + low Dijkstra score

Call it (v* w
*

)
Add W

* to X
.

Set Alw+ ] : = Alv
*
] + 1vtw*
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DIJKSTRA'S ALGORITHM : RUNNING TIME

Initialize

X := Es3 vertices processed so far

Als] = 0 computed shortest-path distances How to speed up computation
of "minimum" ?

// main loop
while XFV need to grow X

among all edges (r ,wIEE
with veX and weX , pick one that minimizes

Alv] + low Dijkstra score

Call it (v* w
*

)
Add W

* to X
.

Set Alw+ ] : = Alv
*
] + 1vtw*
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Naive implementation : 0 (mn)

Can we do better ?

Yes ! 0 ((m+n). logn) with heaps.

(see "Additional Reading").


