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Theorem : Given a directed graph G , define a "meta" graph H =(x , #)
that has a vetex for every see of G ,

and an edge
(n , y) EF if there is an edge from some vertex in

SCC corresponding toa to some vertex in 2CC corresponding to y
Then

,
H is a DAG.

-- -X
G ↑ I Y ↓ H

-

N
-

-
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starting point matters !
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Recall : Starting here worked !
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--
Al I Y
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-
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Let's run topological ordering (via DFS) and see what happens.
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KEY OBSERVATION

Theorem : Leto be the labeling of directed graph G generated by the

topological ordering algorithm on G Carbitrary ordering of vutius).

Let S1 ,
S
,
be two "adjacent" Seas of G ,

i . e
.,
there is

an edge (v, w) with res,
and we s . Then,

min fly < min fly)
NES

, yesz

Corollary : The vertex v with fir] = I must lie in source SCC.
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What we want : A way of identifying a vatex in sink see.

What's the fix : Reverse the graph !
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source↳sink sinkisource
↑ /T
-
I Y L

L I / ↑-

> =

N
+
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- N - N

Il
equivalently ,

here identify a vertex here
"Pluck out a sink SCC of G and work one way backward.

(similar to topological ordering algo
.)
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key observation -

Al among unexplored vertices
,
the "minf" label

should lie in one of the new sink seas

"Pluck out" the sink SCC and repeat !
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A two-pass algorithm to compute SCCs in 0(+n) time.

* Once on
her

to find the "magical" labelingI

* Once on G to find the SCCs using f.
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f(2] = 2--24 fli0] = 9

10↓ T N

1 -> 3
f(3] = 4 I / IL
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f(q) = 5
a -> 0

flo] = 7--f[9] =8
LI in-

f15]= 10
"

Int
7

<
f17] = 6

N

6 f(6] = 11

Recall : f is computed with respect to Grew
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the rest of the algorithm)
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for each edge (r ,
w]

global numsee : = 0 if w is unexplored
for each v in increasing order of f[l) I L DES- SCC (G , w)
if v is anexplored

I I
increment numsec by 1
DES-ScC(G , v)
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6 f(6] = 11 again ,

"new" sink see
SCI =3 is explored
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Sect a -> 0
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Sc = 4desiin-N

7
-
f(7] = 6 the final Sink SCC

f(5]= 10 Int Sa = 3

6 f(6] = 11 is explored
SCI =3
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f(ll] = 3

9 1
Secz

flat-Sec= 1 24 fli0] = 9

/ ↑ sc= f 10 Sec = 4

1 -> 3
f(3] = 4 I InSec =1 L

SCC = 3 L I
f(l) = 1

ni
f(q) = 5

Sect a -> 0
flo] = 7--f[9] =8

L
Sc = 4desiin-7 -

f(7] = 6
Nf(5]= 10 Int Sa = 3

6 f(6] = 11
done !

SCI =3
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9 1
Secz

2

--Sec=1

↑

sce= f 10 sec = 4↓ ↓
Sec =1

2- 3
I In

SCC = 3 L I
ni secta-> 0--

L
Sc = 4I

n-SCC = 35 7
2

N Sa = 3

6
done !

SCI =3
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KOSARAJU's ALGORITHM

Theorem : Kosaraju's algorithm terminates in 0 (m+n) time.

Proof : Exercise

Idea : Two runs of DFS.

To
go through fluy

in ascending order ,
do we need to sort ?
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Theorem : At termination of Kosaraju's algorithm , for any
n

,
reV

sectul = scry> & and V are in the same

strongly connected component

Proof : (E) Suppose u and v in the same SCC
, say s .

Lethes be the first explored vertex in S ("leader" vertex)

By correctness of DFS , sec[n] = sec/r] = sector].
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Theorem : At termination of Kosaraju's algorithm , for any
n

,
reV

sectul = scry> & and V are in the same

strongly connected component

Proof : () (by strong induction)
P(i) : sccluT = scclu] =-f nir in same See

Base case P(1) : scc[n] = scc[r] = 1

=> must belong to sink saC of G

(by key observation).
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Theorem : At termination of Kosaraju's algorithm , for any
n

,
reV

sectul = scry> & and V are in the same

strongly connected component

Proof : () (by strong induction)
Pli+ 1) : sccluT = scc[u] = i+

Among vertices with sccl]-itI
,
let i be the first

to be marked as explored.
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Theorem : At termination of Kosaraju's algorithm , for any
n

,
reV

sectul = scry> & and V are in the same

strongly connected component

Proof : () (by strong induction)
Pli+ 1) : sccluT = scc[u] = i+

Then
,
all vertices in S22 of 1 get see ( . ] = iH.

No other Vertex gets sc1 . ] = it 1 . Why ?
S2C it I can only have edges to SCC 1

,
2, ..., : explored !

F


