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1. Based on Sec 12.5 in [LLM17].

A bipartite graph G = (Vg, Vg, E) with left and right vertex sets V7, and Vg, respectively, is
said to be degree-constrained if there is an integer d > 1 such that for every vertex ¢ € V, in
the left set and r € Vg in the right set,

degree(?) > d > degree(r).

Show that any degree-constrained bipartite graph admits a left-perfect matching, i.e., a
matching that covers every vertex in V.

2. Based on Problem 12.27 in [LLM17].

A simple graph G is said to have width w if and only if its vertices can be arranged in a
sequence such that each vertex is adjacent to at most w vertices that precede it in the sequence.
For example, if the degree of every vertex is at most d, then the graph has width at most
d—just list the vertices in any order.

a) Prove that every graph with width at most w is (w + 1)-colorable.

b) Prove that the average degree of a graph of width w is at most 2w.

3. Suppose 2n teams play in a round-robin tournament. Each day, each team will play a match
with another team. Over a period of 2n — 1 days, every team plays every other team exactly
once. No match ends in a tie. Show that for each day we can select a winning team (i.e., a
team that won its game that day), without selecting the same team twice.

4. Consider the following stable matching instance for a general (non-bipartite) graph on four
vertices a, b, ¢, d:

tb=c>-d

rc-a>d

ta=b>d

d:a>b>c
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The notation “a : b > ¢ > d” means that vertex a’s top choice is b, its next favorite is ¢, and
its least favorite is d. Assume that each vertex prefers being matched over staying unmatched.

Given a matching, a blocking pair is a pair of vertices that prefer each other over their assigned
partners. A stable matching is one that does not have any blocking pair.

How many stable matchings are there in the above instance? Explain your reasoning.
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5. [Bonus Problem: Not to be included in quiz] Based on Problem 12.20 in [LLM17].

Take a regular deck of 52 cards. Each card has a suit and a value. The suit is one of four possi-
bilities: heart, diamond, club, spade. The value is one of 13 possibilities: A,2,3,...,10,J,Q, K.
There is exactly one card for each of the 4x13 possible combinations of suit and value.

Ask your friend to lay the cards out into a grid with 4 rows and 13 columns. They can fill the
cards in any way they like.

Show that you can always pick out 13 cards, one from each column of the grid, so that you
wind up with cards of all 13 possible values.

Hint: You may use the result from Problem 1.
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