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1. For each of the following statements, discuss why or why not it is a proposition?

a) This statement is FALSE.

b) This statement is TRUE.

c) Give me an A grade!

2. Based on Problems 1.3(a) and 1.4 in [LLM17].

Identify whether the following claims and their proofs are correct or bogus (and, in case of
the latter, point out the bug in the claim and/or its proof).

a) Claim: 1/8 > 1/4.

Proof:

3 > 2

3 log10(1/2) > 2 log10(1/2)

log10(1/2)
3 > log10(1/2)

2

log10 1/8 > log10 1/4

1/8 > 1/4

b) Claim: For all non-negative real numbers a and b, a+b
2 ⩾

√
ab.

Proof:

(a− b)2 ⩾ 0

a2 + b2 − 2ab ⩾ 0

a2 + b2 + 2ab ⩾ 4ab

(a+ b)2 ⩾ 4ab

a+ b ⩾ 2
√
ab

(a+ b)

2
⩾

√
ab

1
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3. a) The Twin Prime conjecture is one of the most famous open problems in mathematics. It
says that there are infinitely many pairs of “nearby” prime numbers, i.e., primes that
differ by 2 (e.g., 3 and 5, 11 and 13, and so on).

Write the statement of the twin prime conjecture in formal notation. You may use
quantifiers such as ∀ (“for all”) and ∃ (“there exists”), and use the notation N for the set
of natural numbers. You may also use the proposition p(x) to denote “x is prime”.

Suppose, in the future, someone proves that the twin prime conjecture is false. What
would be the correct statement of the result in that case? Write it in formal notation.

b) Another well-known problem is Bertrand’s postulate which says that for any natural
number n, there is always a prime number between n and 2n. Write the statement of
Bertrand’s postulate in formal notation.

c) Here’s another fact about primes: There are infinitely many prime numbers that do not
have the digit 7 in their decimal expansion.1 Write this statement in formal notation.

4. Prove or disprove that the following pairs of propositions are logically equivalent:

a) ¬(p ∨ q ∨ r) ∨ s and (¬p ∨ s) ∧ (¬q ∨ s) ∧ (¬r ∨ s)

b) (p ∧ q) ⇒ r and (p ⇒ r) ∨ (q ⇒ r)

c) (p ⇒ q) ⇒ r and p ⇒ (q ⇒ r)

5. Prove or disprove the following:

a) Every natural number can be written as either the sum of two perfect squares or the
difference of two perfect squares or both. (You may include 02 if needed.)

b) There exist irrational numbers x and y such that xy is rational.

c)
√
2 +

√
3 +

√
5 is irrational.
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1Actually, the result is true for any choice of missing digit in {0,1,. . . ,9}.
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