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Claim : FEN 2903"- 005 - 464+ 264 is divisible by 1097

Proof : (by modular arithmetic)
-

Observe : 1897 = F * 27/ prime
-

I n n

2903 E 5 (mod 7) 2903 = 193 (mod 271)
wos" = 5 (modF Nosh = 26 1" (mod 271)

n

464" = 2"(mod 7) 464 = 193 (mod 271
n

n261 E 2 (mod F 261 E 261 (mod 271)

=> FX 271/2903"-dos" - 464" + 26 M
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PROBLEM 1 [15 points]

Identifying the application ofCongrace- 3 pts

Identifying the need for 1097 = 271 x F-4pts

Correctly computing congrams- 4 pts

-- nth power of congrumcs- 1 pts

Adding congruences and finishing the proof-3 pts



PROBLEM 2

For all1 > 2

n is prime > (n-1) ! = (modn)

Wilson's Theorem
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Claim : An > 2 n is prime-> (n-1) ! = + (modn)

n = 2 (2-1) ! = - (mod 2) is true

n= 3 (3-1) ! = + (mod3) is true

So
, let's assume n 7 4.



Claim : An 24 n is prime-> (n-1) ! = + (modn)



Claim : An 24 n is prime-> (n-1) ! = + (modn)

Suppose n is prime .



Claim : An 24 n is prime-> (n-1) ! = + (modn)

Suppose n is prime .

Idea : (n-1) ! = 1 x 2 x 3 x ... x (n -2)x(n -1)

-
each of these has a unique

inverse (mod n) in 94, 3,..., n-2]



Claim : An 24 n is prime-> (n-1) ! = + (modn)

Suppose n is prime .

Idea : (n-1) ! = 1 x 2 x 3 x ... x (n -2)x(n -1)

-
each of these has a unique

inverse (mod n) in 94, 3,..., n-2]

Then, 1 . 2. 3
.
..... -2) . G-1) = H+ (mod n
-

pain up with inverses
= + (mod n) .
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Lemma : Each & -[1 ,
3,..., (n-2)} has a unique inverse (mod n)

in 42 ,
3,..., (n-2)} if his prime .

Proof of Comma : gad (Mn) = 1 => inves exists

=> I r sit. M = /(modn)
Then

, i'(modn) -> &2 , 3, ..., (n-2)} is the desired inverse.
a
from division theorem

Note : M(modul #1 and Mlmodul #n- .
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Lemma : Each & -[1 ,
3,..., (n-2)} has a unique inverse (mod n)

in 42 ,
3,..., (n-2)} if his prime .

Proof of Comma : Why unique ?

If I distinct h'h" - [1 , 3 .., (n
-13

that are inverses (mod n) ofM ,
then

r .M = / (modn) and

M -" = 1 (mid n)
Not possible for

=> r.( M") = 0 (modn) prime n *
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Claim : An 24 n is prime-> (n-1) ! = + (modn)

If n is not prime

Then
,
J ge &23,..., (n-2)} such that /n.

Suppose , for contradiction , that (n-1) ! =-1 (midn) .

=> n /(n - 1) ! + 1

=>q/( -1 ! + /E
However

( 9/(n-1)!
Contradiction

*



PROBLEM 2 [15 points]

Pairingargument for prime n -Opts

Using pairing humma to prove theorem- 3 Its

Proof for non-prime n - 4 pts



PROBLEM 3

Every doubly stochastic matrix is a convex combination

of permutation matrices.

Birkhoff- von Neumann Theorem



Let A be any doubly stochastic matrix.
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Let A be any doubly stochastic matrix.

Construct a bipartite graph G = (RUC , E)

Rows Columns

O · Cj
Edge (Mi , (j) exists if Aij > 0.

Mi O
O

i i

O O
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Claim : Graph G = (RUC , E) admits a perfect matching.
Proof of claim : Using Hall's thronem .

Conside any
subset s of vows.

Rows Columns Sum of nonzero entries of A

across all rows in s = ISI
O ⑨ cj

Mi O
O
If IN (3) / < IS) ,

then

Sum of nonzero entries of A
i i

across all column in M(S) < IS)
O O

Contradiction.
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Claim : Graph G = (RUC , E) admits a perfect matching.
Proof of claim : Using Hall's thronem .

Conside any
subset s of vows.

Rows Columns
IN (3) / < /S1 .

O ⑨ cj
O

=> Perfect matching exists
Mi O

*
i i Permutation matrix

O O
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Let
1 = smallest nonzue entry in A

P = permutation matrix guaranted by claim

A = A - JP ("peding off" P)

Observe : D A has equal now and column sums

② Hall's theorem can still be applied to Al

③ Zero entries in A > # Zero entries in A .

The "peeling off" procedure must terminate inIn steps-



PROBLEM 3 [15 points]

Construction of bipartite graph - epts

Proving existence of perfect matching - 5 pts

Explaining the "peeling off" procedure- 3 Pts

Showing that Hall's thorm still applies- 2 pts
on the remaining matrix

Arguing termination of this procedure- 3 Its



PROBLEM 4

(a) Given distinct stable matchings P
,
Q.

If all men weakly prefer P , then all women weekly prefer Q.

(b) If each man points to his mon prefered partner and

each woman points to her less prefered partne, then

if m points at w
,
then t points at m

(2) Show that a woman can strategically manipulate under

the men-proposing DA algorithm.
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Claim : If all men weakly prefer P , then all women weekly prefer Q.

Proof : (by contradiction) &

Suppose womanw strictly profes Pown Q.

P Q

L
97 D

m W m

m must strictly prefer
P over &

m M
&

=> (m ,
w) block R .

↳



PROBLEM 4(a) [5 points]

Identifying proof by contradiction.- 1pt

Identifying the correct conditions for P and Q-3 pts

Identifying the blocking pain- 1 pt
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Claim :
Men point to more preferable partner between P and
Women 19 less If

/

Then
, ifm points to w , then h points to m.

&

Proof : Only need to conside men/women with different partones
in P and Q. .

Suppose m-> W but W-> m'

P R

M
e es
f M W

=> (m ,
w) block &.

⑲
m' m

*



PROBLEM 4(b) [5 points]

Identifying proof by contradiction- 1 pt

Identifying the correct conditions for P and Q-3 pts

Identifying the blocking pain- 1 pt



Claim : Strategic manipulation is possible under DA algorithm
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Claim : Strategic manipulation is possible under DA algorithm
.Proof :
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H > W2>Nz M3 W3 m
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Claim : Strategic manipulation is possible under DA algorithm.

Proof :

>>W Mi Wi : M, > M2 > My
m , > My >My

Wi > W3>We M2 W2 m
, >M2 My

4 > W2>W3 M3 W3 m
=>
M, > Mz

(M1 > W3) , (M2 ,W1) , (Mz ,W2)Amatching fororiginalpreferences
Cm , wil

, (M2 , Ws) . Toe
T



PROBLEM 4(2) [5 points]

Construction of original and modified instances- 4pts

Explaining how the modified instance is bettor-1 Pt


