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ProgLem 1 (o

(a) [5 points| Prove or disprove: Every graph G = (V, E) has a bipartite subgraph with at
least |E|/2 edges.
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ProdLem 1 (0)

(a) [5 points| Prove or disprove: Every graph G = (V, E) has a bipartite subgraph with at
least |E|/2 edges.

[P?\,(Xe: W = R QA. om \eﬁ ond v oon N&H‘ o Vi \}wa>
m\;f; [&Q\ gt v Nakﬂ 4 Wk@ Mawl v IQJM'>
| = l?ax@\cm \ IKQN&WB + I (n h)dl\i’>. e (v bﬁ)

= \ - 1.
wh Y el e

2L

Degne X = 2 Xe

eet

T l(:([Xl e Qx{mfd Nuim b O-F c)wm,al uﬁ“



Protiem 1 (a)

(a) [5 points| Prove or disprove: Every graph G = (V, E) has a bipartite subgraph with at
least |E|/2 edges.
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ProgLem 1 (b

(b) [10 points] Prove or disprove: Every graph G = (V, E) where |V| is even and |E| > 0 has
a bipartite subgraph with strictly more than |E|/2 edges.
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ProgLem 4 (b

(b) [10 points] Prove or disprove: Every graph G = (V, E) where |V| is even and |E| > 0 has
a bipartite subgraph with strictly more than |E|/2 edges.

Lt ue Cound e mum bn @_[2 PM‘HBDN N Wludh @ ¢ Cmcsf?

(D) Tf weh od velB fmu\g net vedics oth Hon W

o) m —he et A
2n-2-
The nwm bea O(F Cuneh Pw\‘lﬂ“fw\w i< C
N
) H weB oad ve A
2n-2-

The Tuam ben 0{ ik pw\ﬁ%\w i< C

N



ProgLem 4 (b)

(b) [10 points] Prove or disprove: Every graph G = (V, E) where |V| is even and |E| > 0 has
a bipartite subgraph with strictly more than |E|/2 edges.
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POBLEM 1(0) [ pis]
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ProBLEM 1(b) [0 pis]
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ProgLem 2 (a)

Problem 2 [6+4-+5=15 points]
For any n € N, let [n] denote the set {1,2,...,n}. We will assume that n > 3.

A permutation o of [n] is said to be concave if, for every i € {2,3,...,n—1}, 0(i) > U(i—l)v;a(iﬂ)_
For example, when n = 4, the permutation (1,2,3,4) is concave but the permutation (4,1, 3, 2)
is not.

A permutation o of [n] is said to be bitonic if there exists some i € [n] such that
e for all j € [n — 1] such that j < i, 0(j) < o(j + 1), and
e for all k£ € [n — 1] such that & > i, o(k) > o(k + 1).

For example, when n = 4, the permutation (1,2, 3,4) is bitonic but the permutation (4,1, 3, 2)
is not.



ProgLem 2 (a)

(a) [6 points] Prove or disprove: Every concave permutation is bitonic.
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ProgLem 2 (a)

(a) [6 points] Prove or disprove: Every concave permutation is bitonic.
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ProgLem 2 (a)

(a) [6 points] Prove or disprove: Every concave permutation is bitonic.
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Progiem 2 (b)

(b) [4 points] Identify all concave permutations of the set [5]. No explanation is required.
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ProgLeEm 2 (e

(c) [5 points] How many bitonic permutations of [n] are there? Explain your reasoning.
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ProjLEM 2(a) [ 6 pis]
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PRoBLEM 2(b) [ 4 pis]
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ProjLEM 2(0) [5 pis]
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PrOBLEM 3 (a)

(a) [2 points] Prove that for any non-negative random variable X,

Pr(X > 1) < E[X].
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ProBLEM 3 (3

(b) [13 points] Given any n € N, consider a random graph G = (V, E) on n vertices in which
for any pair of vertices u,v € V, the edge {u, v} exists with probability 1/2 independently
of any other pair of vertices.

An independent set of a graph is a subset of vertices in which no two vertices are adjacent.

Show that the probability that the largest independent set of the random graph G is larger
than [3logyn + 1] is o (n~'°62"), where o(.) stands for little-o notation.
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ProBLEM 3 (3

(b) [13 points] Given any n € N, consider a random graph G = (V, E) on n vertices in which
for any pair of vertices u,v € V, the edge {u, v} exists with probability 1/2 independently
of any other pair of vertices.

An independent set of a graph is a subset of vertices in which no two vertices are adjacent.

Show that the probability that the largest independent set of the random graph G is larger
than [3logyn + 1] is o (n~'°62"), where o(.) stands for little-o notation.
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ProBLEM 3 (3

(b) [13 points] Given any n € N, consider a random graph G = (V, E) on n vertices in which
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for any pair of vertices u,v € V, the edge {u, v} exists with probability 1/2 independently
of any other pair of vertices.

An independent set of a graph is a subset of vertices in which no two vertices are adjacent.

Show that the probability that the largest independent set of the random graph G is larger
than [3logyn + 1] is o (n~'°62"), where o(.) stands for little-o notation.
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ProgiLem 3 (b)

(b) [13 points] Given any n € N, consider a random graph G = (V, E) on n vertices in which
for any pair of vertices u,v € V, the edge {u, v} exists with probability 1/2 independently
of any other pair of vertices.

An independent set of a graph is a subset of vertices in which no two vertices are adjacent.

Show that the probability that the largest independent set of the random graph G is larger
than [3logyn + 1] is o (n~'°62"), where o(.) stands for little-o notation.

Fow pad 01, we have o (X71) < EB[X]
K

= B(x7!) £ (Ao ®)
- (B ®

Y




ProgiLem 3 (b)

(b) [13 points] Given any n € N, consider a random graph G = (V, E) on n vertices in which

for any pair of vertices u,v € V, the edge {u, v} exists with probability 1/2 independently
of any other pair of vertices.

An independent set of a graph is a subset of vertices in which no two vertices are adjacent.

Show that the probability that the largest independent set of the random graph G is larger
than [3logyn + 1] is o (n~'°62"), where o(.) stands for little-o notation.
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ProgLem 3 (o) [1[)%5]
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PROBLEM 3 (b) [i5 pie]
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Pro&LEM 4 (n)

(a) [5 points] Let a, b, ¢, d, and m be positive integers. Prove or disprove: If a = b (mod m),
¢ =d (mod m), and ged(c,m) =1, thena-c ' =b-d~! (mod m), where ¢! and d~! are the
multiplicative inverses (mod m) of ¢ and d, respectively.
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PrOBLEM 4 (n)

(a) [5 points] Let a, b, ¢, d, and m be positive integers. Prove or disprove: If a = b (mod m),
¢ =d (mod m), and ged(c,m) =1, thena-c ' =b-d~! (mod m), where ¢! and d~! are the
multiplicative inverses (mod m) of ¢ and d, respectively.
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ProBLEM 4 (b)

(b) [5 points] Let a, b, ¢, d, and m be positive integers such that b and m are relatively prime.
Prove or disprove: If b* = 1 (mod m), b = 1 (mod m), and d = ged(a, ¢), then b = 1 (mod m).
How does your answer change if you are not given that b and m are relatively prime?
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ProgLEm 4 (b

(b) [5 points] Let a, b, ¢, d, and m be positive integers such that b and m are relatively prime.
Prove or disprove: If b* = 1 (mod m), b¢ = 1 (mod m), and d = gcd(a, c), then b = 1 (mod m).
How does your answer change if you are not given that b and m are relatively prime?
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Pro&LEM 4 (o)

(c) [5 points] Let b, p, and n be positive integers. Prove or disprove: If p is a prime such that
p|(b™ — 1), then:

e either p|(b? — 1) for some proper divisor d of n (a proper divisor of n is any positive divisor
of n excluding n itself),

e or p=1 (mod n).
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Pro&LEM 4 (o)

(c) [5 points] Let b, p, and n be positive integers. Prove or disprove: If p is a prime such that
p|(b™ — 1), then:

e either p|(b? — 1) for some proper divisor d of n (a proper divisor of n is any positive divisor
of n excluding n itself),

e or p=1 (mod n).
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PROBLEM 4 (0) [ pis]
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PROBLEM 4 (b) [ pis]
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