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An event is a set of outcomes.

The probability that an event &S
occurs is

Pr(N) .
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CONDITIONAL PROBABILITY

Pr(A(B) = Pr(AMB)
Pr(B)

Product rule : Pr (AMB) = Pr(B) · Pr /B)

General
Product rule : Pr(AIMAR--1An) = Pm(A1) · Pr(AzIAD

Pr(A3/A, (A2)
!

Pr (An/A, A2 1-. Ant)
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BEST 2-OUT-OF-3 SERIES

I teams play three games

First to win two games
wine the series

For
any team :

* Prob of winning the It game
= 2.

A Prob of winning
a

game after a win = 2/3

* Prob of Winning a game after a loss = 1/3.
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Pr (winning the series / won

first game) is
A

Pr(A/B) = Pr(AB) = ?
Pr(B)
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BEST 2-OUT-OF-3 SERIES

Pr (winning the series/ won first game) = /a

Pr (won first game /winning the series) = 7/9

In general ,
Pr (A/B) # Pm(BIA).

Pr (Received 1 vaccine shot/Received a booster shot) = <

A B
Pr (Received a booster shot / Received &↑vaccine shot) < I
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FAIR AND UNFAIR COINS

Coin 1 : 50%
,

50 % T

Coin 2 : 100 % H

Suppose a coin is chosen uniformly at random.

When this coin is tossed
, say
it shows H.

What is the probability that we picked the fair coin ?

Similarity with Monty Hall : Prob that car is behind door #3 given
that door#1 chosen and door#2 revealed ?
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2. Define events of interest 3. Analyze the probability
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B = result is H
Pr (A/B) = Pr(AB) =

1/4
=t

Pr(B) Ye+ 1/4
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with unequal probability ?
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2. Define events of interest 3. Analyze the probability
A = choose fair Coin

E

B = result is H
Pr (A/B) = PrCABsp=

p
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FAIR AND UNFAIR COINS

If unfair coin is picked for sure

=> p =0

=> Pr (fair coin /result is H) =
= 0

.

If fair coin is picked for sure

=> p = 1

=> Pr (fair coin /result is H) = =1
= 1

.
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Coin
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fair
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2. Define events of interest 3. Analyze the probability
A = choose fair Coin

B = result is H
,

H....,
Pr(A/B) = Pe(AB) =

P

- Pm(B) p + 2000- p)
100
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FAIR AND UNFAIR COINS

Now imagine the coin is flipped 100 times
,
and

it lands I every time.

Pr (fair coin/result is , H) =

P

same as election polls ! 100 times p + 2000(- p)
↳

either very confident that the coin was unfair = 0 When p = 0 . 9999

OR

really unlucky with our experiment = 1 when p = ↓
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MEDICAL TESTING

10 % of the population has the disease

>
False negative

If a person has the discan ,
10 % chance test is negative

-
False positive

- doesn't have-
,
30 % - positive

Suppose a random person tests positive.

What is the probability they have the disease ?
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MEDICAL TESTING

A : Event that the person has disease

B : Event that the person tests positive

Pr(A(B) = (AB)-
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0 . 9 0

. 09 v - -

0 : 1

&

Yes
·

Neg 0 . 1
0 . 01 v

No Pos 0 . 3
0 . 17 L0 .9

Neg
0 .70 . 63

0 . 09Pr(A/) =
Pr(ARB)

= =Pr (B) 0 . 09 + 0 .27



MEDICAL TESTING
Disease Test A -

has diseas

B
-tests Pos

AB
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0 : 1

&

Yes
·

Neg 0 . 1
0 . 01 v

No Pos 0 . 3
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Neg
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Pr(ARB)
=

0 . 09
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MEDICAL TESTING
Disease Test A -

has diseas

B
-tests Pos

AB

Pos
0 . 9 0

. 09 v - -

0 : 1

&

Yes
·

Neg 0 . 1
0 . 01 v

No Pos 0 . 3
0 . 17 L0 .9

Neg E0 .70 . 63 Whanaat ??

:
0 . 09Pe(A/B) =

Pr(ARB)
=

0 . 09 + 0 .27=Per (B)

Most people (90%) don't have the diseas . Positives an mostly diseas-fe.
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MEDICAL TESTING
Disease Test

Pos
0 . 9 0

. 09 Pr (Test is correct)
0 : 1

&

Yes
·

Neg 0 . 1
0 . 01 = 0 . 09 + 0 . 63

No
0 .9

Pos 0 : 3
0 . 17 = 0 . 72

Neg
0 .7 0 . 63

The test is likely to be right.

But if it says "You have the
disease"

it is likely to be wrong !
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MEDICAL TESTING
Disease Test

...

Pos
0 . 9 0

. 09
A naive test that always says

&

Yes
·

Neg 0 . 1
0 . 01

"negative" will be right 90% of the time.

No
0 .9

Pos 0 : 3
0 . 17

Neg
0 .70 . 63

Is the naive test "better" ?

Accuracy- Utility,
in genual

False negatives can sometimes be much

costlier than false positives.
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PARADOX #1 : CASINO DICE

* You pick a number N = [ 1 ,
2

, ... , 63

* Roll 3 dice (each die is 6-sided and fair)

* You win if N shows up on at least one die.

What isProb of Win ?
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PARADOX #1 : CASINO DICE

Ai : Event that ith die shows N
.

Pe (win) = Pr (A , V Az U A3) L
Problem !

Must take
= Pr (A1) + PrLA2 + Pe(As)

intersection

=

t + 1 + 1 =
into account
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+ Dm(A , &A21As)

= + + 1 + 1 - + 5 + 2 to6 6 6



PARADOX #1 : CASINO DICE

Ai : Event that ith die shows N
.

Pe (win) = Pr (A , V Az U A3)
= Pr (A1) + PrLA2 + Pe(As)

- Pr(A , MA2) - Pr(A21As) - Pr(AIMAs)
+ Dm(A , &A21As)

= + + 1 + 1 - + 5 + 2 to6 6 6

= 0 . 421



PARADOX #1 : CASINO DICE

Ai : Event that ith die shows N
.

Pe (win) = Pr (A , V Az U A3)
= Pr (A1) + PrLA2 + Pe(As)

- Pr(A , MA2) - Pr(A21As) - Pr(AIMAs)
+ Dm(A , &A21As)

=1 + 1 + 1 - t - 55 5 + 266 6 6 36

= 0 . 421 Unfair game !



Probability rules :

* Im (A , UALUA3) = Pr (A) + PM (AL) + Pr(As
- PrMA - PeLAMAs) - Pr(AMAs)
+ Pr (A, +A21A3)

* Pr(AUB(C) = Pr(AIC) + Pe(B/2) - Pr(ABIC)



NOT TRUE ;

If Bec = 0
,
then In (A/BVC) = Pr (A/B) + Pr (LC)

Why is this wrong ?

Pr (A/B) = I

B Pr (A/C) = 1
A

C

Pr (A/BUE) = 1



PARADOX #2 : SIMPSON'S PARADOX



PARADOX #2 : SIMPSON'S PARADOX

E
probability of

dying if you
get infected

Source : von Kingelgen , Gresele ,
and Scholkopf ,

IEEE Trans· on Al Feb 2021



PARADOX #2 : SIMPSON'S PARADOX

Italy better than China in every age-group
but China is better overall.

WHY ?

Source : von Kingelgen , Gresele ,
and Scholkopf ,

IEEE Trans· on Al Feb 2021



PARADOX #2 : SIMPSON'S PARADOX

Italy Is cases are mostly older people- less likely to survive
China's-

youngerpuph-man-

Source : von Kingelgen , Gresele ,
and Scholkopf ,

IEEE Trans· on Al Feb 2021



PARADOX #2 : SIMPSON'S PARADOX

(Fictitions Young Old

Italy 1 4

China 4 1



PARADOX #2 : SIMPSON'S PARADOX

(Fictitions Young Old

Italy 1/1 1/4
#people survived

China 3/4 0/1



PARADOX #2 : SIMPSON'S PARADOX

(Fictitions Young Old

Italy 1/1 1/4
= 100 % = 25%

China 3/4 0/1
= 75% = 0 %



PARADOX #2 : SIMPSON'S PARADOX

(Fictitions Young Old

Italy 1/1 1/4
= 100 % = 25%

N M
-

China 3/4 I better 0/1 I
belles

= 75% = 0 %



PARADOX #2 : SIMPSON'S PARADOX

(Fictitions Young Old Overall

Italy 1/1 1/4 2/5 = 40%
= 100 %

N
better

= 25%
M

belles Tworse
China 3/4 I 0/1 I

-

3/5 = 60%
= 75% = 0 %


