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PROBLEM 1 (a)

For n = 1
,

a single more suffices. (pg1 -> pegh)
For =2

, then moves suffice

small disc : Peg 1-> peg2

large disc : pag1-> peg7
small disc : peg2 -> peg4.



PROBLEM 1 (a)

For n 3
, fix 1 <K < . (we will late show that = 2 works)

1. Recursively more the top n-k discs from peg 1 to beg 2 (keeping
the bottom k discs fixed) allowing the use of all four pegs.

2. Recursively more the k discs on peg 1 to beg 4 by using
the three-beg algorithm for pegs 1, 3 , and

4·

30 Recursively move the n-k discs on beg 2 to beg4 (keeping
the bottomk discs on peg4 fixed) using all four begs.



PROBLEM 1 (a)
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PROBLEM 1(9) (10 points]

The algorithm should be well-defined for all n>0 2 pts

Clear distinction betwen steps that use 3 pegs
and those that use 4 pegs.

4 pts

The algorithm should conectly solve the 4 peg problem 4 pts

(a formal proof of convertness is not necessary A
as long as correctness is evident from the description (
* In general , you should provide a proof of comectress.



PROBLEM 1 (b)

Let T(n) = No · of moves made by the algorithm when
4

starting with n discs on 1 in the 4-peg problem.beg

Tz(n) =
-> peg problem .

We know that T
,
(n) = 2 -1 .



PROBLEM 1 (b)

Th() = T4(n-) + T>(k) + Ty (n-k)
- --

Step 1 Step 2 Step 3

= 2 Ty (n-K) + Tz()

= 2 T4(n- k) + 2
+
- 1

.

Note that K= 1 recovers the 3-peg Towns of Hanoi requence.

We need an asymptotically faster algorithm.



PROBLEM 1 (b)

Say k= 2 . By the plug-and-ching method :

[p(n) = 2Ty(n-2) + 2 - 1

Plug
2(2T(n-7) + 2- 17 + 2- 1=

c 2 Tp(n-1) + 2 + 2 -2+
↑

2(2 +q(n-6) + 2 -1 + 2 + 2 - 2 - 1

:

= i +y (n - zi) + 2
+ 2 + 2+ + ... 2 - 2 - 2i .. -2-2



PROBLEM 1 (b)

Ty(n) = 2: +y (n - zi) + 2 + 2 + 2
+
+ ... 2 - 2 - 2i .. -2-2

If n is even , i
= + :

I
3

+- E-2
Th(n) = 2 Ty () + 2 + 2+ 2 + .. +2 - 22

-

....

- 2 - 20

10
=

2 -2
2

If n is odd
,
i = (n-1/2 Y

n- 1 =L
I-

n+ n+ n-3 2 n - 3 I O
E E E E

Th(n) = 2 Tq(k +222 +
.. +2- 2 . 2

-2
& +

n- 1
n+1 n+

= E I O2+ 2 + 2 - 2
-2



PROBLEM 1 (b)

Verify : Ty (n) =32 -2-2 foren

(by induction) For even n
, P(n) : Tyln) = as above.

Base Case
n = 2 Th() = 2 th (2-2) + 2- 1 = 3 (14) =0
2 + 2 + 2 - 2 - 2 =3



PROBLEM 1 (b)

Verify : Th (n) = 3-

Induction Step .
Will show P(n) => P(ntz).

Ty(+2) = 2Ty() + 2- 1

= 2/2 + + = - 2 -2] + 2- 1

=
3 . 2 + 2

+
+ 2 2 - 2 +2

-

1

which satisfies P(n+2) .



PROBLEM 1 (b)

n- 1
n+1

=

I =-2-2 forVerify : Ty(n) 2 + 2 + 2 add n

(by induction) For Odd n
, P(n) : Tyln) = as above.

Base Case
n = 3 Tyl = 2 th (3-2) + 2- 1 = 5 (1)

2 + 2 + 2 - 2 - 2 = 5 -



PROBLEM 1 (b)

Verify : Ty (n) = 2-2 for add n

Induction Step .
Will show P(n) => P(ntz).

Ty(+2) = 2Ty() + 2- 1

I ↑ I= 22 + 2 + 2 - 2 - 2 + 2-

n+3

I + 25 + 2 - 2 - 2 + 2 - 1

Which satisfies P(n+2) .



PROBLEM 1 (b) /12 points]

Correct recurrence 4 pts

Guessing closed form via plug-and-ching 4 pts

Verification via induction for even n 2 pts

Verification via induction for odd n 2 pts



PROBLEM 1 (C)

For even n
, the

-2
-> O

2" - 1
as n ->&

n- 1
n+ n+
I E E I O

2 + 2 + 2 - 2
-2From odd n

, the = 2" - 1

-> O

as n ->8

In both caus
, Th(m = 0 (Ty(n)



PROBLEM 1(C1 (2 points]

Demonstration for even n 1 pt

Demonstration for odd N 1 pt



An elegant solution proposed by Sanjay L(PHL)
1. Recursively more(7/2) discs from peg 1 to beg 2 (keeping
the bottom [17 discs fixed) using three pegs (1 , 2, 3).

2. Recursively more the T17 discs on peg 1 to beg 4 by using
the three-beg algorithm for pegs 1, 3 , and

4·

30 Recursively move the IE) discs on beg2 to beg4 (keeping
the bottom jay discs on peg 4 fixed using thre pegs 2, 3 , 4 .

T

# move = <L/2)- 1 +
Th/2

+ 24(2)
- 12 -


