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PROBLEM 1

Proof : (by a "path extension" argument)
Claim 1 : G is connected

Proof ofClaims : If G is not connected
,
thenI ventex sets

Vo and VI S .t . VoUU = V ,
VolV ,

=D and

no vertex in Vo is connected to a vetex in VI .

If IVol < E , then dig(VITE for VEVo is not possible.

Otherwise (vi)-Vel
-

-

M



PROBLEM 1

Let P = V V... UK be the largest path in G.

Then
,
all neighbors of V

,
and vi must belong to

P

(otherwise P can be made longer)

We will show that Hamiltonian cycle can be derived from P.
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V
, me vo Vogue V k

Claim 2 : Fi <[1 ,
2
, ..., K] s. t . EVi , Up3 and SV, , Vit1] are edges

Proof of Claim 2 : (by contradiction)

#ratius in P that are adjacent to v = deg (VI)
#ratices in P that are immediately to = deg (VI)
leftof a vetey adjacent to vi

None of there vertices should be adjacent to UK ·

=> Vertices in P2 deyl) + deg(va) + 14
itself

7 + 1 + 1 > O ⑭
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Claim 3 : The cycle C
= (v .... Vi , VK : Vie , "Vitt , VI) is Hamiltonian .

Proof of Claim 3 : (by contradiction
V
, me vo Vogue V k

Suppose GIC is nonempty
G is connected (Claim 1) =7 F V-GIc adjaunt to some vj.

Then
,
the path from v to vj along with the path around C

is longer than P
.

*

Claim 3 prove the theorem. T



PROBLEM 1 /16 points]

Mentioning the proof technique- [1pt]

Proving that G is connected- 13 pts]

Defining lought pathP-11pt)

Deriving cyclicity condition from P-(C0pts]

Demonstrating Hamiltonian cycle- /3 pts]
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(as Thm : In any simple graph , at least two vertius must have

the same degree.
Proof : (by Pigeonhole principle)

Degree can take values in 40 ,
1 ,
2
, ..,

n- 13 .

* If K/ 2 rutics have digan O
,
we are done.

* If K = 1 vertices have degree O
,
then the remaining -

vertices have digue in 91 , 2, ..., n -2, * 3
* If K = 0 vertices have degree O

,
then the remaininga

vertices have digue in 91 , 2, ..., n -2
,
n -13 .

M
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(b) Simple graph with Enke four but no Hamiltonian cycle.

⑳·

·

·⑳

(C) Simple graph with Hamiltonian cycle but no Enter tour .

⑳

of
⑳

O
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(d) Simple graph G =NIEl with IVIT3 and each vete

has degree at least (IVI/2) but no
Hamiltonian cycle .

· ⑳



PROBLEM 2 10 points]

Each part worth 2 points

Binary grading.


