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Problem 1

Problem 1 [20 points]

Suppose there are n agents and m items. The agents have identical valuations for the items,
that is, for any j € {1,2,...,m}, item j valued at v; by all agents, where v; is an integer (note
that v; can be negative). For j # j’, it is possible that v; # v;.

The value of a set of items (i.e., a bundle) is the sum of items in that set. That is, for any
bundle of items S, v(S) =, 5v;.

The goal is to partition the m items among the n agents in a fair manner. Denote an allocation
by A = (A1, As,..., A,), where A; is the subset of items assigned to agent i. We require that
for any i # k, A; N A, = 0 (i.e., items are not shared between bundles) and U;A; is the entire
set of items (i.e., no item is left unallocated). An allocation is deemed fair if, for any pair of
agents i and k, the value of bundle A; is “within an item” of the value of bundle Ay; specifically,
for every pair of agents ¢ and k:

e for every item j € A; such that v; < 0, we have v(A; \ {j}) > v(Ax), and
e for every item j € A such that v; > 0, we have v(A4;) > v(4x \ {7})-

Your task is to design a polynomial-time algorithm for computing a fair allocation.



(a) [2 points] Write a concise, high-level description of your algorithm using plain English with
minimal notation (1-2 sentences).
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(b) [6 points] Write your algorithm’s pseudocode with clearly stated input and output. Define
any additional notation used.
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(c) [6 points| Prove the correctness of your algorithm, specifying the proof technique upfront
(e.g., by induction, by contradiction, by case analysis, etc.).

To prove  Connectnass , we nead 10 chow that A ic
£ oo Vabid odletatidn (ba dined W\ﬂm’%}
¥ a «th MM@\%‘W\ Cba iv\\;mo\w\? Ond AL mwﬂgﬁﬂ)

The Qve(‘m’( A ie Velid b comer Fhe ’va lw') orcidu @l Hemo
ond , In Howdien [ Thn j oo asigned to ox oty one ot

L Aq) b dhe Pg\yd-iml oo codnn maintadnad b& N Alaw’rhm
ot He st O]‘L ibonokion (I,
To prove fanue, e il Show trat fon R &6{ ) m*’} ﬂ S fan



Conardun iy P of- Vk&«mk e

Qmwm AQ() o fain. e A chow ot ,q‘l) i alo jcaw

Astume. v (A(f\) 7 VU\T> withad™  Jog of 8{//\)\/\0-[/‘1”3

Fadvnes betrown ok L under 1Y imli)\\)ﬁu ! ¢
£ fn mna %e,u‘ue’\ ot V?r7/® , v (f\{\ \§a§) LN (), and
X v %t/e}g;i R V(A(f \‘x‘(}/ﬂ 7 V(r“lrf;i).
Ne WM hn b by twh g and ?f/ AL o Cnhificl v,
Cot T: Tp ot A non @ hewivs gn itom in &"““ Hatm .

Them {K\}xms& IS mointainad bdwunm A and £ ™ (fH" H wadn
& the codificle hwme o intact



Caw T :ﬁa h heceive o ntﬁoﬁ\rtf Vbl ibn in (i,h\ Hm\d—m.
Then , ot bt %—)fw Mby,wt' D\&wi' befine Uum ‘}, e mrfdnul, P
h e W\iry\&x VCAC).

T‘[l A Condinaes T have erxau\, Wdme Fhon £ O‘“H"\J I8 Okcg(amoL,
QQ-/ \](A(J: §) j“) Z \/@%}) )‘*H\w\ vFﬁ\\ﬁlxv\ms s maintRInd
h the Ce/\H[l?cmle iLoma N zbf\? And. A(Jﬁ)\ e Intadt
i @)
we  hove  that v(&iui&%) < V(A )
Hom & in Oﬁwd hs bundle is & abficd itun becamt

Ot pise

In s W

u“”‘) Q;\ J) | .
VQ‘L\ \ U[}) =\ (Pw\) V4 \I(A—L) Sine . Wa *}NF&PPLA@J
ot the ctad GEF l‘liw’\w\d :



KU& e A)(L r\kam{—nm vadme  thame  in ﬁ mnd. oM mm\&ayﬁvb Vrhue

fjcoms f\d havt a\Jr [wﬂ’ A mundna %SOIJL Vet @ag ll:m#
O~k A J«L\w,[fm\{ Moo CU\-He[%uTL itme

Tws |, famras it ypaivitained
Gow T+ Tp  neceivee & o wﬁaﬁ\rtf valnt  ibum in J/b\ Hadim -
A similm owJﬁm 0t Com T Aalds. Tf A has WvMWL,
e o\d onhifi o ek Ofheaiast | inveke  abrolds Wwlme Cdedion hwde .

Nott, fthat cocu I,TL)T__W_ (L mm’fumlld exducive  and  xhaneHve .

T, foira i maictined ok he ond of P Huchon. .



(d) [3 points] Show that your algorithm runs in polynomial time.
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(e) [3 points] Suppose now there is an additional quota constraint, defined as follows: Let
1,92, - - -, g, be nonnegative integers that add up to m, i.e., >\ , ¢; = m. In addition to being
fair, an allocation must also assign exactly g; items to agent .

Prove or disprove: Given any quotas, a fair allocation satisfying the quotas always exists. To
prove this, you should present a polynomial-time algorithm. (If you are suggesting a modification

to the algorithm in part (a), instead of writing the entire pseudocode, just emphasize the main
difference between the two algorithms.) To disprove, you should present a counterexample.
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Problem 2
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Problem 2 [20 points|

In the longest path problem, we are given a weighted directed graph G = (V, E,w) and a vertex
s € V, and we are asked to find the longest simple path (i.e., no vertex is repeated) from s
to every other vertex in GG. For a general graph, it is not known if there is a polynomial-time
algorithm to solve this problem. If we restrict G to be acyclic, however, this problem can be
solved in polynomial time. Our task in this problem is to discover such an algorithm.



(a) [8 points] Write your algorithm’s pseudocode with clearly stated input and output. Define
any additional notation used.

Hint: You have seen an algorithm for the single-source shortest-paths problem. Can you use
this algorithm (or a modification of it) on a (possibly modified) input to find the longest paths?
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(b) [3 points] Briefly justify why your algorithm runs in polynomial time.
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(c) [6 points] Prove the correctness of your algorithm, specifying the proof technique upfront
(e.g., by induction, by contradiction, by case analysis, etc.).
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(d) [3 points] Explain, using a counterexample, why your algorithm does not work when G is
not acyclic.
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Problem 3

Problem 3 [20 points]

(a) [5 points] Let T'= (V,E) and T" = (V, E’) be two different spanning trees of a graph G.
Prove that there exists an edge e € E'\ E’ and an edge ¢’ € E’\ E such that both TU {€'} — {e}
and 7" U {e} — {€¢'} are spanning trees of G.
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(b) [15 points] Let G = (V, E) be an undirected, unweighted, and connected graph with each
edge colored either red or blue. Design an O(|E|}gg|V|) algorithm that, given as input an
integer k£ and the graph G, determines whether there exists a spanning tree of G' that contains

exactly k red edges. Write the pseudocode of your algorithm, and provide a brief justification
of its correctness and running time.
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